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Abstract

This paper establishes a new technique that enables
us to access some fundamental structural properties
of instanton Floer homology. As an application, we
establish, for the first time, a relation between the
instanton Floer homology of a 3-manifold or a null-
homologous knot inside a 3-manifold and the Heegaard
diagram of that 3-manifold or knot. We further use this
relation to compute the instanton knot homology of
some families of (1, 1)-knots, including all torus knots
in S3, which were mostly unknown before. As a sec-
ond application, we also study the relation between
the instanton knot homology KHI(Y,K) and the
framed instanton Floer homology I*(Y). In particular,
we prove the inequality dim, IH(Y) < dim: KHI(Y,K)
for all rationally null-homologous knots K C Y and
we constructed a new decomposition of the framed
instanton Floer homology of Dehn surgeries along K
that corresponds to the decomposition along torsion
spin® decompositions in monopole and Heegaard Floer
theory.
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1 | INTRODUCTION

The instanton homology of closed 3-manifolds and knots in 3-manifolds was introduced by Floer
[12, 13], which became a powerful tool in the study of 3-dimensional topology. Some related con-
structions were made by Kronheimer and Mrowka [34-36], the first author [42], and Daemi and
Scaduto [11]. Apart from instanton Floer homology, there are three Floer homologies of closed
3-manifolds, knots, and balanced sutured manifolds: Heegaard Floer homology by Ozsvath and
Szab¢ [52, 53], Rasmussen [55], and Juhdasz [26], monopole Floer homology by Kronheimer and
Mrowka [32, 34], and embedded contact homology (ECH) by Hutchings [25], Colin, Ghiggini,
Honda, and Hutchings [10]. For closed 3-manifolds, all these three Floer homologies are isomor-
phic by work of Kutluhan, Lee, and Taubes [38], or Taubes [61] combined with Colin, Ghiggini,
and Honda [9]. However, instanton Floer homology remains isolated from the rest. The following
conjecture is still open.

Conjecture 1.1 [34, Conjecture 7.24]. For a balanced sutured manifold (M, y), we have
SHI(M,y) = SFH(M,y) ® C.
In particular, for a knot K in a closed 3-manifold Y, there are isomorphisms
"(Y)~HF(Y) ® Cand KHI(Y,K) ~ HFR(Y,K) ® C.

Here SHI is sutured instanton Floer homology [34], SFH is sutured (Heegaard) Floer homology [26],
I* is framed instanton Floer homology [35], HF is the hat version of Heegaard Floer homology [53],
KHI is instanton knot homology [34], and HFK is (Heegaard) knot Floer homology [52, 55].

Instanton Floer homology is closely related to the representations of the fundamental groups
and many other topological properties of 3-manifolds and knots. For example, it is the essential
ingredient in proving the property P conjecture [31] and the fact that Khovanov homology detects
the unknot [35]. Despite those remarkable applications, many fundamental structural properties
of instanton Floer homology remain unknown. We propose a few of them here:

(1) Instanton Floer homology serves as a topological invariant for 3-manifolds and knots. On the
other hand, Heegaard diagrams are one of the most important ways to describe 3-manifolds
and knots and are the basis for Heegaard Floer homology as well. So is it possible to relate
instanton Floer homology with the Heegaard diagrams of 3-manifolds and knots?
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(2) The monopole and Heegaard Floer homology of closed 3-manifolds both decompose along
spin® structures. Non-torsion spin® structures have their correspondence in instanton theory
by looking at the simultaneous generalized eigenspace decompositions. However, the simul-
taneous generalized eigenspace decomposition of instanton Floer homology does not distin-
guish the torsions of the homology group of 3-manifolds and hence is trivial for all rational
homology spheres. So is it possible to obtain a decomposition of instanton Floer homology
corresponding to the torsions? This new decomposition would also be the prerequisite for the
fourth problem.

(3) Can we understand the Euler characteristic of instanton Floer homology? Can we relate it to
some other topological invariants of the 3-manifold?

(4) Can we relate the instanton Floer homology of knots and 3-manifolds? In particular, can we
derive a surgery formula for the instanton Floer homology of Dehn surgeries along knots?

This paper develops a new technique that enables us to access those fundamental questions
listed above. In this paper, we mainly deal with the first and the second and provide some answers
to the fourth questions. First, toward answering the first question, we establish the following.
Theorem 1.2. SupposeY is a rational homology sphere, and K C Y is a knot. Suppose (Z, a, 5, z, w)
is a doubly pointed Heegaard diagram of (Y, K). Then there is a balanced sutured handlebody (H,y)
constructed from (2, a, 8, z, w) (cf. Subsection 3.1), so that the followings hold

dim,. I*(-Y) < dim: KHI(-Y,K) < dim SHI(—H, —).
Remark 1.3. For most arguments in this paper, there are minus signs before the manifold and the
suture, which means that we take the reverse orientation. This is because the proofs are based on

contact gluing maps for sutured instanton homology (cf. Subsection 2.3).

The proof of Theorem 1.2 makes use of rationally null-homologous tangles in balanced sutured
manifolds. In particular, we proved the following proposition.

Proposition 1.4. Suppose (M, y) is a balanced sutured manifold and T is a connected vertical tangle
in (M, y) (cf. Definition 3.1). Suppose My = M\N(T) and y; = y U my, where my is the meridian
of T.If[T] = 0 € H{(M,dM; Q), then we have

dims SHI(—M, —y) < dime SHI(—M¢, —y7). ¢))

By Proposition 1.4, we also prove a generalization of the first inequality in Theorem 1.2, which
generalizes the result for null-homologous knots by Wang [62, Proposition 1.18].

Proposition 1.5. Suppose Y is a closed 3-manifold and K C Y is a knot such that
[K]=0¢€ H,(Y; Q).
Then we have

dim. I*(-Y) < dime KHI(-Y,K).
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In Theorem 1.2, we bound the dimensions of I*(-=Y) and KHI(-Y,K) by the dimension of
sutured instanton homology SHI(—H, —y), which is still difficult to compute in general. However,
in the case where H is a handlebody, an upper bound of dim SHI(H,y) can be calculated via
bypass exact triangles (for bypass exact triangle, cf. [5, Theorem 1.21], and for the algorithm to
obtain an upper bound, cf. [15, Section 4]). In particular, we apply this theorem to (1, 1)-knots in
lens spaces, whose Heegaard diagrams are described in Proposition 3.28, and obtain the following
theorem.

Theorem 1.6. Suppose Y is a lens space, and K C Y is a (1, 1)-knot. Then we have
dimg KHI(Y,K) < rk,HFK(Y,K).

Prior to the current paper, there are two main approaches to estimate the dimension of KHI.
The first is via the spectral sequence from Khovanov homology to instanton knot homology estab-
lished by Kronheimer and Mrowka [35]. This bound is sharp for all alternating knots and many
other knots. However, Khovanov homology is only defined for knots in S3, so we cannot have any
information for knots in other 3-manifolds. The second way is to study a set of explicit generators
of the instanton knot homology and its variances for some special families of knots, and the num-
ber of generators bounds the dimension of homology. This idea has been exploited by Hedden,
Herald, and Kirk [21] and Daemi and Scaduto [11]. Our Theorem 1.2 and Theorem 1.6 then offers
a totally new way to obtain an upper bound of dim. KHI, and the following corollary indicates
that this bound is sharp for many examples.

Corollary 1.7. Suppose K C S is a (1, 1)-knot that is also a Heegaard Floer L-space knot. Then
dime KHI(S?,K) = tk, HFK(S?, K).

Proof. Suppose the Alexander polynomial of K is Ag(t) = Y, ¢;t'. From Ozsvath and Szabo [54,
Theorem 1.2], we have

rk, HFR(S*,K) = ) |¢il.

i€z

In instanton theory, the main result of Kronheimer and Mrowka [33], or Lim [47], states that the
Euler characteristic of the ith grading of KHI(S?, K) equals +c;. As a result, we have

dim¢ KHI(S®,K) > ) |c;].
iez

Hence Theorem 1.6 applies and we conclude the desired equality. O

Corollary 1.7 would provide many examples whose related spectral sequences from Khovanov
homology to instanton knot homology have some nontrivial intermediate pages. In particular, for
torus knots, previously there were only partial computations of KHI from the related specatral
sequences (cf. [37, 48]), while Corollary 1.7 applies to torus knots directly since torus knots admit
lens spaces surgeries (cf: Moser [49]).
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Corollary 1.8. For a torus knot K = T, ), suppose its Alexander polynomial is

(p—D(@-1)
(p-1)(g-1) (P9 — — 2 )
— D) (t D(t—-1) _ el

- i
(P -1)(t7-1) (e
2

Ag(t) =t

Then we have

dim KHI(S?, K, i) = ¢,
where i denotes the Alexander grading of KHI(S?,K).

In general lens spaces, we may obtain lower bounds from graded Euler characteristics of SHI
and provide more examples of Conjecture 1.1. For example, the Heegaard Floer homology of con-
strained knots in lens spaces, introduced by the second author [64], is determined by their graded
Euler characteristics. However, in the manifold other than S3, it is not known if graded Euler
characteristics of HFK and KHI are equal. We will deal with the graded Euler characteristics in
a forthcoming paper [45].

A (Heegaard) Floer simple knot is a knot K in a rational homology sphere Y such that

rk,HFK(Y,K) = tk,HF(Y) = |H,(Y; 2)|, (1.1)
where |H,(Y;Z)| is the order of the first homology group of Y. A (Heegaard Floer) L-space is a
rational homology sphere Y satisfies the latter equality in (1.1). Examples of Floer simple knots
include simple knots in lens spaces (cf. Definition 3.29; see also [57, Section 2.1]). Rasmussen and
Rasmussen [58] proved that for Floer simple knots, there is an interval in Q U {co} so that a Dehn
surgery gives an L-space if and only if the surgery slope is in the interval. In the interior of the
interval, the dual knots are also Floer simple knots.

A similar result may hold for instanton Floer homology. A knot K in a rational homology sphere
Y is called an instanton Floer simple knot if

dim. KHI(Y,K) = dim¢ I(Y) = |H,(Y; 2)|. (1.2)
An instanton L-space is a rational homology sphere Y that satisfies the latter equality in (1.2).
Proposition 1.9. Simple knots in lens spaces are instanton Floer simple knots.

Proof. Suppose K is a simple knot in Y = L(p, q). Combining Theorem 1.2, Theorem 1.6 and a
direct calculation of knot Floer homology, we have

dim. I*(Y) < dim¢ KHI(Y,K) < tk, HFK(Y,K) = p. 4)
By Scaduto [59, Corollary 1.4], we have
dimg I*(Y) > |H,(Y)| = p. (4)

Hence we conclude the desired equality. O
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Inspired by the result about Floer simple knots by Rasmussen and Rasmussen [58], we prove
the following theorem for simple knots in lens spaces.

Theorem 1.10. Suppose K is a simple knot in a lens space Y. Fixing a framing on dY (K) by picking
an arbitrary longitude of K, then there exists an integer N > 0 so that for any r € Qwith |r| > N, the
manifold obtained by a surgery of slope r along K is an instanton L-space, and the dual knot is also
an instanton Floer simple knot.

Remark 1.11. In general, framed instanton Floer homology is very difficult to compute. Only some
special families of 3-manifolds were studied (cf. [1, 7, 46, 60]). Theorem 1.10 provides many new
examples whose framed instanton Floer homology can be computed.

Towards answering the second question regarding the decomposition of instanton Floer homol-
ogy, we establish the following.

Theorem 1.12. Suppose Y is a closed 3-manifold, and K C Y is a rationally null-homologous knot.
Let Y(R) = Y\int(N(K)) be the knot complement and let S be a Seifert surface of K. Suppose further
that A = S c 8Y(K) is connected and |f - A| = g, where 1 is the meridian of K on 8Y(K) and the
dot - denotes the algebraic intersection number. Then there is a decomposition associated to K up to
isomorphism:
qg-1
') = P IHT, 0.

i=0

When H,(Y) = Z4 and K represents a generator of H,(Y), we can regard the decomposition in
Theorem 1.12 as an analog of the torsion spin® decompositions

HM®) = @ HM(Y,8) and HE(Y) = @ OF (7, 3).
3€Spin‘(Y) 3€Spin‘(Y)

Here HM is the tilde version of monopole Floer homology [8].
To provide some evidence, we will prove the following result in a forthcoming paper [45].

Proposition 1.13. Under the hypothesis and the statement of Theorem 1.12, there is a well-defined

Z, grading on I*(Y, 1). Suppose u c 8Y(K) is a simple closed curve so that |y - 1| = 1 and suppose
Y is the manifold obtained by Dehn filling along u. For any integer i € [0,q — 1], we have

XUHT D) = x(IFY)).
In particular, if Y is an instanton L-space and Y = S3, then for any integer i € [0, q — 1], we have
¥, h=~c.

Remark 1.14. The defect of the decomposition of I*(Y) in Theorem 1.12 is that currently, we do not
know if it is independent of the choice of K inside Y.
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For integral surgeries on a null-homologous knot, we obtain more results inspired by the large
surgery formula in Heegaard Floer homology (cf. [52, Theorem 4.1]). For a null-homologous knot
K in aclosed 3-manifold Y, let the basis of dY (K) be formed by the meridian of K and the boundary
of a Seifert surface.

Proposition 1.15. Suppose Y is a closed 3-manifold and K C Y is a null-homologous knot. Suppose
n is an integer satisfying n > 29(K) + 1 and suppose ?n is obtained from Y by performing the n
surgery along K. For any integeri € [0,n —2g(K) — 1] U {n — 1}, we have

1*(Y,,i) = IF(Y).
For any integeri € [0,n — 1], we have

(Y, 1) 21V, i+ 1).
Thus, we have

dime I*(Y,,,,) — dim I*(¥,)) = dim¢ I*(Y).

The proofs of Theorem 1.12 and Proposition 1.15 make use of SHI(Y(K), y) for some special
suturey C 6?(1?). In [42, Section 3], the first author constructed a grading, that is, a decomposition
of SHI associated to a properly embedded surface with some admissible conditions. The Seifert
surface plays role of this properly embedded surface, which decomposes SHI(Y(K), y) for any
suture y. Then we are able to identify some direct summands of the decomposition with I*(Y).
Explicitly, we can construct the decomposition by the following proposition.

Proposition 1.16. SupposeY is a closed 3-manifold and K C Y is a null-homologous knot. Suppose
Y is obtained from Y by performing the q/p-surgery along K with q > 0. Then there is a set G of
sutures on the boundary of the knot complement Y (K), determined by the integer q and the genus
g(K) of K so that the followings hold.

(1) Forany suturey € G, sutured instanton Floer homology carries a Z grading, that is,
SHI(-Y(K),y) = D SHI(-Y (K),7.)).
iez
(2) Forany suturey € G, there is an integer i, so that there is an isomorphism

N i,+q-1

fry D)= @@ SHI-Y(K),7,)).

j:iy

(3) Forany two suturesy,,y, € G, there is an isomorphism with respect to gradings (that is, sending
the grading i, toi, andso on)

iy1+q—1 N iy2+q—1
Ky, t @ SHICYE).y, )= @ SHIY(E). 2, )).
J=In I=h,
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(4) Forany two suturesy,,y, € G, there is a commutative diagram

i, +q—1 I i, +q—1

69,11»” SHI(-Y(K),yy,J) @,’;h SHI(-Y(K),vy5,J)
IF(-Y)

Remark1.17. Roughly speaking, in Proposition 1.16, the suture y in the set G consists of two parallel
copies of simple closed curves with some large slope. The isomorphism f, y is constructed from
cobordism maps associated to surgeries on curves in the interior of Y(K). The isomorphism 9K 172
is constructed from bypass maps. See the end of Subsection 4.1 for a sketch of the proof.

Remark 1.18. Theorem 1.12 is straightforward from term (2) of Proposition 1.16. However, there
are many different choices of the grading i,. If we regard the decomposition in Theorem 1.12 as
a Z,-grading on I %(Y), then different choices of i, lead to shifts of the Z -grading. So we get a
relative Z -grading but it is straightforward to upgrade it to a canonical Zi-grading by fixing the
choice of i, in term (2) of Proposition 1.16. In Heegaard Floer theory, if Y is obtained from the
g-surgery on a knot K in an integral homology sphere, then there is a canonical way to identify
the set of spin¢ structures on ¥ with Z,. In our setup for instanton theory, with some efforts, one
could fix a suitable i, so that I 4(Y,i) indeed corresponds to HF(Y,[i]). Here HF(Y, [i]) is the hat
version of Heegaard Floer homology, of the 3-manifold ¥ and the spin® structure on Y identified
with [i] € Z,,.

We would like to make a remark on the developments up to date in answering those ques-
tions: In [2], Baldwin together with the authors proved a more general inequality that bounds the
dimension of instanton Floer homology from above by the number of generators of any Heegaard
Floer chain complex of the same manifold. In [44, 45], based on the techniques developed in the
current paper, the authors fully answer the third question and relate the Euler characteristic of
instanton Floer homology with the Turaev torsion of 3-manifolds. In [43], based on the answer to
the second question in this paper, the authors develop a large surgery formula for instanton Floer
homology of Dehn surgeries along knots.

Conventions. If not mentioned, homology groups and cohomology groups are with Z coeffi-
cients. (Sutured) Heegaard Floer homology is with Z coefficient, while (sutured) instanton Floer
homology is with C coefficient. We write Z,, for Z/nZz.

If it is not mentioned, all manifolds are smooth, connected, and oriented. Suppose M is an
oriented manifold. Let —M denote the same manifold with the reverse orientation, called the
mirror manifold of M. If not mentioned, we do not consider orientations of knots. Suppose K is a
knot in a 3-manifold M. Then (—M, K) is the mirror knot in the mirror manifold. In S3, the mirror
knot is also denoted by K.

For a manifold M, let int(M) denote its interior. For a submanifold A in a manifold Y, let
N(A) denote the tubular neighborhood. The knot complement of K in Y is denoted by Y(X) =
Y\int(N(K)).

For a simple closed curve on a surface, we do not distinguish between its homology class and
itself. The algebraic intersection number of two curves a and 3 on a surface is denoted by a - S,
while the number of intersection points between « and 3 is denoted by |a N §]. A basis (m, ) of
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H,(T?; Z) satisfies m - | = —1. The surgery means the Dehn surgery and the slope g/ p in the basis
(m, 1) corresponds to the curve gm + pl.

A rational homology sphere is a closed 3-manifold whose homology groups with rational coef-
ficients are isomorphic to those of S3. An integral homology sphere is defined similarly. A knot
K C Y is called null-homologous if it represents the trivial homology class in H,(Y; Z), while it is
called rationally null-homologous if it represents the trivial homology class in H,(Y’; Q).

For r € R, let [r] and |r| be the minimal integer and the maximal integer satisfying [r] > r
and |r| < r, respectively. An argument holds for large enough n if there exists a fixed N € Z so
that the argument holds for any integer n > N. An argument holds for small enough n if there
exists a fixed N € Z so that the argument holds for any integer n < N.

Organization. The paper is organized as follows.

In Section 2, we review some backgrounds, including instanton Floer homology of closed man-
ifolds (Subsection 2.1), Heegaard Floer homology and instanton Floer homology of balanced
sutured manifolds (Subsection 2.2), and bypass attachments on balanced sutured manifolds (Sub-
section 2.3).

In Section 3, we construct the sutured handlebody (—H, —y) for Theorem 1.2 in Subsection 3.1,
and prove a generalization of Proposition 1.4 in Subsection 3.2, which leads to the proofs of Theo-
rem 1.2 and Proposition 1.5. Then we deal with (1, 1)-knots and prove Theorem 1.6 in Subsection 3.3
and Theorem 1.10 in Subsection 3.4.

In Section 4, we state basic setups and sketch the proofs of Proposition 1.16 and Theorem 1.12
in Subsection 4.1, leaving the essential parts to the next two subsections. Then we prove Proposi-
tion 1.15 in Subsection 4.5.

Finally, in Section 5, we discuss some possible future directions.

2 | INSTANTON FLOER HOMOLOGY AND BALANCED SUTURED
MANIFOLDS

2.1 | Instanton Floer homology
Definition 2.1. Suppose Y is a closed 3-manifold and w is a closed 1-submanifold in Y. Suppose
further that there is a closed oriented surface ¥ C Y of genus at least one such that the algebraic
intersection number w - X is odd. Then the pair (Y, w) is called an admissible pair.

For admissible pairs, Floer constructed a homology group from SO(3) connections.
Theorem 2.2 [13]. Suppose (Y, w) is an admissible pair. Then there is a finite-dimensional complex
vector space I“(Y') called the instanton Floer homology of (Y, w).

Suppose (Y, w) and (Y', ") are two admissible pairs. Suppose W is a cobordism from Y to Y’, that
is, OW = =Y uY’, and suppose v C W is a 2-submanifold with 8v = (—w) U w’.Then there exists a
complex-linear map

I(W,v) : I°(Y) - I¢'(Y"),

called the cobordism map associated to (W, v).
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Remark 2.3. For a fixed 3-manifold Y, I“(Y) only depends on the class of w in H;(Y; Z,).

For an admissible pair (Y, w), any homology class « € H,(Y) induces a complex-linear action
on the instanton Floer homology:

ul@) : I°(Y) — I°(Y).
For any two homology classes a;, a, € H.(Y), we have

play + o) = pety) + ) and ey Ju(ay) = (=1) BV (o u(ary ).

If b,(Y) > 0, we can pick a basis §, ..., 5,, of H,(Y; @) and consider the simultaneous generalized
eigenspaces of all the actions u(g;), ..., u(8,)- The simultaneous eigenvalues, as a tuple (1, ..., 4,,),
can be viewed as a linear map from H,(Y’; Q) to Q. This linear map is the analog of the evaluation
of the first Chern classes of spin® structures in Heegaard Floer homology. We have the following
definition.

Definition 2.4 [34, Definition 7.3]. Suppose (Y, w) is an admissible pair, R is a closed surface of
genus at least one, and w - R is odd. Let I°(Y|R) be the (2¢g(R) — 2, 2)-generalized eigenspaces of
the pair of actions ((u(R), u(pt)) on I“(Y), where pt is any fixed basepoint on Y.

However, if a = 0 € H,(Y; Q), then u(a) = 0. Hence for a rational homology sphere Y, all
u-actions associated to second homology classes are trivial, and we cannot obtain an effective
decomposition from u.

Suppose M is a compact 3-manifold with torus boundary. Suppose w C M is a closed 1-
submanifold such that there exists a closed surface X of genus at least one with w - ¥ odd. Let
i : M — M be the inclusion, and let

i, : Hi(OM;Q) —» H;(M;Q) (21)
be the induced map on homology. Let y;, ¥,, 75 be three simple closed curves on M with
Y1 V2=V2V3=Y3-71=—L
Fori € {1,2,3}, let Y; be the closed 3-manifold obtained by Dehn filling along y;:

Y, =M U S'xD%
yi={1}xD>

Then clearly for i € {1, 2, 3}, (Y;, ) are all admissible pairs. Floer proved the following theorem.

Theorem 2.5 [13]. There is an exact triangle

o) i 1°(v,)

\ / 2.2)

I“’(Y_;)

Furthermore, all maps in the exact triangle (2.2) are induced by cobordism maps.
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Remark 2.6. In original construction of Floer [13] or Scaduto [59, Section 2], one has to add some
extra component to w in one of Y;, Y,, and Y5 to make the exact triangle hold. However, from [7,
Section 2.2], Baldwin and Sivek showed that one could wisely choose some other 1-submanifold
o’ to start with. After adding the extra component coming from the original exact triangle, we
finally arrive at a 1-submanifold representing the same homology class as w in H,(Y; Z,) for all
three 3-manifolds.

2.2 | Balanced sutured manifolds

Definition 2.7 [26, Definition 2.2]. A balanced sutured manifold (M, y) consists of a compact 3-
manifold M with non-empty boundary together with a closed 1-submanifold y on dM. Let A(y) =
[—1,1] X y be an annular neighborhood of y C M and let R(y) = dM\int(A(y)), such that they
satisfy the following properties.

(1) Neither M nor R(y) has a closed component.

(2) IfdA(y) = —0R(y) is oriented in the same way as y, then we require this orientation of dR(y)
induces the orientation on R(y), which is called the canonical orientation.

(3) Let R (y) be the part of R(y) for which the canonical orientation coincides with the
induced orientation on M from M, and let R_(y) = R(y)\R,.(y). We require that y(R,(y)) =
X(R_(y)). If y is clear in the contents, we simply write R, = R, (y), respectively.

For a balanced sutured manifold (M, y), Juhasz constructed sutured (Heegaard) Floer homol-
ogy, and Kronheimer and Mrowka constructed sutured instanton Floer homology.

Definition 2.8 [26, Definition 2.11]. A balanced diagram is a triple (Z, a, 8) such that the follow-
ings hold.

(1) X is acompact surface with boundary.

2) a={ay,..,a,}and B = {B,,..., B,} are two sets of pair-wise disjoint simple closed curves in
the interior of . We do not distinguish between the set and the union of curves.

(3) The maps 7,(0X) — 7,(Z\a) and 7,(0X) — 7y (X\p) are surjective.

Let M be the 3-manifold obtained from X X [—1, 1] by attaching 3-dimensional 2-handles along
a; X {—1}and B; x {1} for each integeri € [1,n] and let y = 0 X {0}. A balanced diagram (%, «t, §)
is called compatible with a balanced sutured manifold (N, v) if the sutured manifold (M, y) is
diffeomorphic to (N, v). A sutured manifold (N, v) is called a product sutured manifold if it is
compatible with (Z, @, @) for some X.

Theorem 2.9 [26]. Suppose (M, y) is a balanced sutured manifold. Then there is a balanced dia-
gram compatible with (M, y). We can construct a Z-module SFH(M,y) from compatible balanced
diagrams, which is independent of the choices of balanced diagrams and called the sutured (Hee-
gaard) Floer homology of (M, y).

Remark 2.10. Sutured Heegaard Floer homology generalizes Heegaard Floer homology [53] and
knot Floer homology [52, 55]. Suppose Y is a closed 3-manifold and K C Y is a knot. Let Y(1) be
obtained from Y by removing a 3-ball and let § be a simple closed curve on dY(1). Let y consist of
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two meridians of K with opposite orientations. Then there are canonical isomorphisms
SFH(Y(1),8) ~ HF(Y) and SFH(Y(K),y) = HFK(Y,K). (6)

Theorem 2.11 [34, Section 7.4]. For a balanced sutured manifold (M, y), one can associate a triple
(Y, R, w), called a closure of (M, y), such that the followings hold.

(1) Y isa closed 3-manifold such that M is a submanifold of Y.

(2) R CY isa closed surface of genus at least one such that R, (y) is a submanifold of R and Rn
int(M) = @.

(3) w C Y isasimpleclosed curve such that it intersects R transversely at one point and w N int(M) =

@.

Moreover, the isomorphism class of I°(Y |R) as in Definition 2.4 is independent of the choices of the
triple (Y, R, w) and is a topological invariant of (M, y).

Definition 2.12. For a balanced sutured manifold (M, y), the vector space I*(Y|R) for a closure
(Y,R,w) of (M, y) is called the sutured instanton Floer homology of (M, y). It is also denoted by
SHI(M,y) to stress the independence of choices of closures as claimed in Theorem 2.11.

One important property of these two sutured Floer homologies is that they detect the tautness
of balanced sutured manifolds.

Definition 2.13 [26, Definition 2.6]. A balanced sutured manifold (M, y) is called taut if M is
irreducible and R(y) is incompressible and Thurston norm-minimizing in [R(y)] € H,(M,y).

Theorem 2.14 ( [27, Theorem 1.4] for SFH and [34, Theorem 7.12] for SHI). Suppose (M,y) is a
balanced sutured manifold with M irreducible. Then the followings are equivalent.

* (M,y) is taut.
« SFH(M,y) # 0.
« SHI(M,y) # 0.

Another important property is about the product manifold.

Theorem 2.15 [27, Corollary 9.6] for SFH and [34, Theorem 7.18] for SHI, both are based on [50,
Theorem 1.1]. Suppose (M, y) is a balanced sutured manifold and a homology product (cf. [27, Def-
inition 9.1]). Then the followings are equivalent.

* (M,y) is a product sutured manifold (cf. Definition 2.8).
« SFH(M,y) = Z.
« SHI(M,y) = C.

In Theorem 2.11, only the isomorphism class of SHI is well-defined. Later, Baldwin and Sivek
improved the naturality of SHI, making it possible to discuss elements in SHI. Similar work is
done by Juhész, Thurston and Zemke [28] for SFH over Z,, and Kutluhan, Sivek, and Taubes [39]
for sutured ECH.
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Theorem 2.16 [3, Section 9]. For a balanced sutured manifold (M,y) and any two closures
(Y1, Ry, wy) and (Y5, Ry, ,) of (M, y), there is an isomorphism

114

D, I°1(Y4|Ry) — I“(Y,|Ry),
which is well-defined up to multiplication by a unit, that is, a non-zero complex number. Further-

more, the isomorphism ® satisfies the following two conditions.

@) If(Y{,R),w;) = (Y,, Ry, w,), then
qjl,z = id,

where = means equal up to multiplication by a unit.
(2) Ifthereis a third closure (Y5, R, w3), then we have

@) 5 =@, 30D, 1 [*(Y|Ry) = I3(Y;|Ry).

From Theorem 2.16, for a balanced sutured manifold (M, y), Baldwin and Sivek [3, Section
9] constructed a projective transitive system based on the vector spaces I°(Y|R) coming from
different closures of (M, y) and the canonical maps ® between them. This projective transitive
system is denoted by

SHI(M, y).

We can regard it as a complex vector space well-defined up to multiplication by a unit. From now
on, we will write SHI(M, y) for the sutured instanton Floer homology of (M, 7).

Definition 2.17 [34, Section 7.6]. Suppose Y is a closed 3-manifold and K C Y is a knot. Let
(Y(1),9) and (Y(K),y) be balanced sutured manifolds defined as in Remark 2.10. The framed
instanton Floer homology of Y is defined by

1Y) = IS (YH#(S! x T?)|{1} x T?).

Itis isomorphic to SHI(Y (1), &) (cf. [34, Section 7.4]), so we do not distinguish them. The instanton
knot homology of (Y, K) is defined by

KHI(Y,K) := SHI(Y(K), 7). (7

Remark 2.18. In [3], in order to make the definition of KHI independent of different choices of
knot complements and the position of the meridional suture, Baldwin and Sivek also added a base-
point to the data. However, since in this paper we only care about the dimension of KHI, we over-
look this ambiguity and omit the basepoint from our notation. Also, the definition of SHI(Y'(1), §)
depends on a choice of basepoint. For the same reason, we omit the basepoint.

The surgery exact triangle in Theorem 2.5 can easily be generalized for KHI. Suppose M is a

compact 3-manifold with torus boundary and K C M isaknot. Lety,,7,, 7 be three simple closed
curves on M with

Yi'V2=V2'¥V3=V3-71=—L
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For i € {1,2,3}, let Y; be a closed 3-manifold obtained by Dehn filling along y; and let K; be the
knot induced by K:

(Y,K)=M,K) uU S'xD%

7;={1}xdD2
Theorem 2.19. There is an exact triangle
KHI(Y,.K)) i KHI(Y,.K,)
\ / (2.3)
KHIY;, K;)

Furthermore, all maps in the exact triangle (2.3) are induced by cobordism maps between correspond-
ing closures of balanced sutured manifolds induced by (Y;,K;).

Suppose (M, y) is a balanced sutured manifold and S C M is a properly embedded surface. We
state results about the decomposition of SHI(M, y) associated to S.

Definition 2.20 [15, Definition 2.25]. Suppose (M, y) is a balanced sutured manifold and S C
(M, y) is a properly embedded surface in M. The surface S is called an admissible surface if the
followings hold.

(1) Every boundary component of S intersects y transversely and non-trivially.
(2) We require that %|S Ny| — x(S) is an even integer.

For an admissible surface S C (M, ), there is a well-defined Z grading on SHI(M, 7).

Theorem 2.21 [42]. Suppose (M, y) is a balanced sutured manifold and S C (M, y) is an admissible
surface with n = %lS N y|. Then there exists a closure (Y, R, w) of (M, y) so that S extends to a closed
surface S C 'Y with x(S) = y(S) —n. Let SHI(M, v, S, i) denote the (2i)-generalized eigenspace of
u(S) acting on SHI(M,y) = I®(Y|R). Then SHI(M, 7, S, i) is preserved by the canonical maps in
Theorem 2.16. Thus, the vector space

SHI(M,y, S, 1)

is well defined up to multiplication by a unit. Furthermore, the followings hold.
) Iflil > 3(n — x(S)), then SHI(M, 7, S, i) = 0.

s
(2) If there is a sutured manifold decomposition (M,y) w (M',y") (cf. [14, Section 3] and [27, Defi-
nition 2.7]), then we have

SHI(M, 7,5, 3 (1 = 2(S)) = SHIM', 7).
(3) Foranyi € Z, we have

@(Ma Y, S’ l) = @(M5 )2 _S’ _l)-
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FIGURE 1 The positive and negative stabilizations of S

Remark 2.22. In [42], the grading was only constructed for an admissible surface with a connected
boundary. When generalizing it to admissible surfaces with multiple boundary components, more
choices arise in the construction of the grading. This new ambiguity was reduced to a combina-
torial problem as discussed in [42, Section 3.3] and was then resolved in [30].

Remark 2.23. Term (1) of Theorem 2.21 comes from the adjunction inequality of instanton Floer
homology (cf. [34, Proposition 7.5]). Term (2) of Theorem 2.21 is a restatement of [34, Proposition
7.11].

Suppose (M, y) is a balanced sutured manifold, and S C M is a properly embedded surface. If
S is not admissible, then we isotop S to make it admissible.

Definition 2.24. Suppose (M, y) is a balanced sutured manifold, and S is a properly embedded
surface. A stabilization of S is a surface S’ obtained from S by isotopy in the following sense. This
isotopy creates a new pair of intersection points:

as'ny=@Sny)uip,.p_}

We require that there are arcs a C S’ and 8 C y, oriented in the same way as S’ and y, respec-
tively, and the followings hold.

(1) da=09B=1{p,,p_}
(2) a and B cobound a disk D with int(D) n (y u 3S’) = @.

The stabilization is called negative if 0D is the union of a and § as an oriented curve. It is called
positive if 3D = (—a) U B. See Figure 1. We denote by S*¥ the surface obtained from S by perform-
ing k positive or negative stabilizations, respectively.

The following lemma is straightforward.

8518017 SUOWILIOD BAea1D) 3|eat|dde au Ag peuenoB a1 3ol YO ‘98N 4O S9|NI 104 ARIGIT BUIIUO A8|IM UO (SUORIPUOD-PUE-SULBI0D" A8 1M ARe.d U |UO//Sd1L) SUORIPUOD pue Swa | 8U) 89S *[£202/TT/62] Uo AigiTauliuo A|IM ‘UieeH Aisieaun Bubed Aq 8T2ZT 0doyZTTT 0T/I0p/woo A8 1M Aeiq1jpul|Uo-a0syIewpuo|//:sdiy Wwoly papeojumod ‘T ‘2202 ‘vey8ESLT



54 | LI AND YE

Lemma 2.25. Suppose (M, y) is a balanced sutured manifold, and S is a properly embedded sur-
face. Suppose ST and S~ are obtained from S by performing a positive and a negative stabilization,
respectively. Then we have the following.

(1) Ifwedecompose (M,y) along S or ST (cf. [14, Section 3] and [27, Definition 2.7]), then the result-
ing two balanced sutured manifolds are diffeomorphic.

(2) If we decompose (M,y) along S™, then the resulting balanced sutured manifold (M’,7") is not
taut, as R (y") both become compressible.

Remark 2.26. The definition of stabilizations of a surface depends on the orientations of the suture
and the surface. If we reverse the orientation of the suture or the surface, then positive and nega-
tive stabilizations switch between each other.

The following theorem relates the gradings associated to different stabilizations of the same
surface.

Theorem 2.27 [42, Proposition 4.3] and [62, Proposition 4.17]. Suppose (M, y) is a balanced sutured
manifold and S is a properly embedded surface in M that intersects y transversely. Suppose all the
stabilizations mentioned below are performed on a distinguished boundary component of S. Then,
forany p,k,l € Z such that the stabilized surfaces SP and SP+2k gre both admissible, we have

SHI(M, y,SP,1) = SHI(M, y, SP**, 1 + k).
Note that SP is a stabilization of S as introduced in Definition 2.24, and, in particular, SO =8.

Remark 2.28. The original form of Theorem 2.27 in [42] was stated for a Seifert surface in the
case of a knot complement. However, it is straightforward to generalize the proof to the case of a
general admissible surface in a general balanced sutured manifold, given the condition that the
decompositions along S and —S are both taut. This extra condition on taut decompositions was
then dropped due to the work in [62].

2.3 | Bypass attachments
In this subsection, we review bypass maps for sutured instanton homology.

Definition 2.29 [22, Section 3.4]. Suppose (M,y) is a balanced sutured manifold. An arc a C
0M is called a bypass arc if the arc intersects the suture y transversely at three points, including
two endpoints.

For a bypass arc «, let Py, P;, and P, be its three intersection points with y, ordered by any
orientation of a. For i = 0, 1, 2, let y; be the component of y containing P;. If y; = y; # y,ory; =
¥, # Yo, then «a is called a wave bypass. If y, = v, # y;, then « is called an anti-wave bypass.

Remark 2.30. The names of wave and anti-wave follow from [18, Section 7], where waves and anti-
waves are arcs whose endpoints are on the same curve. For an anti-wave bypass «, after removing
the component of y that only contains one intersection point, the arc a« becomes a wave or an
anti-wave. See Definition 3.35.
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FIGURE 2 The bypass arc and the bypass attachment

Given a bypass arc « on a balanced sutured manifold (M, y;), we can change the suture locally
as follows. Let D C dM be a neighborhood of the arc « C dM, which is a disk intersecting y in
three arcs. There are six endpoints after removing y N D from y, labeled as follows. Suppose P; _
and P; , are two endpoints corresponding to P;, where the sign is chosen so that the oriented arc a,
together with the arc-component of y N D from P; _ to P; ., gives an oriented framing of 0M. Then
we connect these six endpoints by the ‘left-handed-principle’: in D, a new suture y, is obtained
by connecting P, _ to P, _, connecting P, _ to P, ,, and connecting P, , to P; ,. See Figure 2 for
an example of a bypass arc and the corresponding new suture.

Proposition 2.31 [23, Section 2.3]. Suppose (M, y) is a balanced sutured manifold and « is a bypass
arc. Suppose v, is the new suture described as above. Then (M, y,) is still a balanced sutured mani-
fold.

If a is a wave bypass, the suture y, is obtained from y, via a ‘mystery move’ (cf. [23, Figure 8]). If
a is an anti-wave bypass, the suture y, is obtained from y, via a positive Dehn twist on M. In both
cases, the numbers of components of y,; and y, are the same.

Definition 2.32. The change from (M, y,) to (M, y,) is called a bypass attachment along c.

Remark 2.33. The definition of a bypass attachment is due to [22, Section 3.4]. Originally, a bypass
attachment is a thickened half-disk attached to a contact 3-manifold M along an arc a C dM,
which carries some particular contact structure. The dividing set on the boundary dM can be
thought of as equivalent to the suture. After the half-disk-attachment, the dividing set, or the
suture, is changed in the way described in Definition 2.32. For our purpose, we do not require
the balanced suture manifold (M, y,) to carry a contact structure, while we can still perform an
abstract bypass attachment by modifying the suture in a neighborhood of a.

A bypass attachment induces a map
P, @ SHI(=M, —y;) — SHI(=M, —y,).

This map can be explained in the following two ways.

Contact handle decomposition. By Ozbagci [51, Section 3], the half-disk-attachment can be
decomposed into two contact handle attachments. First, one can attach a contact 1-handle along
two endpoints of the bypass arc «. Then one can attach a contact 2-handle along a circle that is
the union of @ and an arc on the attached contact 1-handle. Topologically, the 1-handle and the
2-handle form a canceling pair, so the diffeomorphism type of the 3-manifold does not change.
However, the contact structure is changed, and the suture y; is replaced by y,. In [4, Section 5],
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Baldwin and Sivek constructed contact handle attaching maps for SHI. Following Ozbagci’s idea,
they defined the map

ltbl . @(_M’ _yl) - E(_M’ _yZ)

to be the composition of contact handle attaching maps corresponding to the contact 1-handle
and the 2-handle attaching.

Contact gluing maps. The half-disk attachment can be reinterpreted as follows. We start with
(M, 7). Then pick [1, 2] X M to be a collar of the boundary, carrying a particular contact struc-
ture & specified by the bypass attachment, so that the boundary {1, 2} x M is convex and the
dividing set is (—y;) U y,, with y; C {i} X M for i € {1, 2}. Then we glue [1,2] X dM to M by the
identification {1} X dM = dM. The new 3-manifold is diffeomorphic to M, while the suture y, is
replaced by y,. In [24], Honda, Kazez, and Mati¢ defined a gluing map for SFH

®; : SFH(—M, —y;) = SFH(=M, —y,),

which was then re-visited by Juhasz and Zemke [29]. Later, the first author [41] defined a similar
gluing map for SHI, and we can define

P = ¢ 1 SHI(-M, —y,) — SHI(-M, —7,).
These two points of view are equivalent due to [41, Section 4]. We have some useful corollaries.

Lemma 2.34. Suppose (M,y) is a balanced sutured manifold and «, 8 C OM are two bypass arcs
with a N = @. Let 1, and 1z be the bypass maps associated to o and f3, respectively. Let (M 7))
be the resulting balanced sutured manifold after bypass attachments along both o and 3. Then we
have

YooY = Pgoth, 1 SHI(-M, —y) — SHI(-M, —y").

Proof. Consider bypasses as the compositions of contact handle attachments. Since @ N 8 = @, the
contact handles associated to o and 8 are attached to disjoint regions on dM. Then it follows imme-
diately that the corresponding contact handle attaching maps commute with each other. [

Lemma 2.35. Suppose (M, y) is a balanced sutured manifold and a,, «; C M are two bypass arcs.
Suppose further that these two arcs are isotopic as bypass arcs, that is, there is a smooth family «; of
bypass arcs for t € [0,1]. Then a; and a, lead to isotopic balanced sutured manifold (M,y’), and
the bypass maps ¢, and § are the same:

Yo, = s,  SHI=M, —y) — SHI(-M,~y").

Proof. 1t follows from the contact handle decomposition interpretation of the bypass
attachments. O
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FIGURE 3 The bypass triangle

Remark 2.36. On the level of contact geometry, Honda has already proved Lemma 2.34 and
Lemma 2.35 in [22]. Thus, these two lemmas can also be proved by combining Honda’s results
with the functoriality of gluing maps ®; in [41].

An important properties of bypass maps is the bypass exact triangle. Suppose (M, y,) is a bal-
anced sutured manifold, and « is a bypass arc. Suppose D is a neighborhood of &« C dM and (M, y,)
is obtained by the bypass attachment along . As shown in Figure 3, after attaching a bypass along
a, there is an obvious bypass arc 8 C D. When we do the bypass attachment along 3, we obtain the
third balanced sutured manifold (M, y5). It still carries an obvious bypass arc 6. When we further
do the bypass attachment along 8, we obtain (M, y,) again. Let 1, ¥,, and 15 be the bypass maps
associated to a, 3, and 8, respectively. We have the following theorem.

Theorem 2.37 [5, Theorem 1.21]. There exists an exact triangle

L4

SHI(—M, —yy) SHI(—M, -y,)

@(—M,—J@)

3 | INSTANTON FLOER HOMOLOGY AND HEEGAARD DIAGRAMS
3.1 | Balanced sutured manifolds with tangles

Definition 3.1 [63, Definition 1.1]. Suppose (M, y) is a balanced sutured manifold. A tangle T C
(M, y) is a properly embedded 1-submanifold such that T n A(y) = @. A tangle T is called balanced
if

ITNR. ()| =ITNnR_(¥)I

A component a of T is called vertical if a is an arc from R (y) to R_(y). A tangle T is called vertical
if every component of T is vertical. Note that vertical tangles are balanced.

Suppose T C (M, y)isavertical tangle, we construct a new balanced sutured manifold (M, 1),
where M; = M\N(T) and y is the union of y and one meridian for each component of T'.
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Theorem 3.2 [63]. Suppose (M, y) is a balanced sutured manifold and suppose T C (M,y) is a
balanced tangle. Then there is a finite-dimensional complex vector space SHI(M,y, T), whose iso-
morphism class is a topological invariant of the triple (M, y, T).

‘We have the following theorem.
Theorem 3.3 [63, Lemma 7.10]. For a vertical tangle T C (M, y), there is an isomorphism
SHI(M,y,T) = SHI(My,yr).
Then we introduce Heegaard diagrams of closed 3-manifolds and knots.

Definition 3.4. A (genus g) diagram is a triple (Z, a, §), where:

(1) Zisaclosed surface of genus g;
2) a={ay,..,a,}and g = {B,, ..., 5,} are two sets of pair-wise disjoint simple closed curves on
2. We do not distinguish the set and the union of curves.

Let N, be the manifold obtained from X x [—1, 1] by attaching 3-dimensional 2-handles along
a; X {—1}and Bj X {1} for each integeri € [1, m] and each integer j € [1, n]. Let N be the manifold
obtained from N, by capping off spherical boundaries. A diagram (Z, a, ) is called compatible
with a 3-manifold M if M = N. In such case, we also write M is compatible with (Z, a, 8), or
(%, a, B) is a diagram of M.

Definition 3.5. A (genus g) Heegaard diagram is a (genus g) diagram (I, a, 8) satisfying the
following conditions.

(1) |a| = |B| = g, that is, there are g curves in either tuple.
(2) Z\a and X\f are connected.

Given a Heegaard diagram (%, @, 3), the manifolds compatible with (Z, a, ) and (Z, @, 8) are called
the a-handlebody and the 3-handlebody, respectively.

Definition 3.6. A (genus g) doubly-pointed Heegaard diagram (2, a, 3, z, w) is a (genus ¢g) Hee-
gaard diagram with two points zand w in Z\a U 5. Leta C Z\a and b C X\ (5 be two arcs connect-
ing z to w. Suppose a’ and b’ are obtained from a and b by pushing them into «¢-handlebody and
B-handlebody, respectively. A doubly pointed Heegaard diagram (Z, a, 5, z, w) is called compati-
ble with a knot K in a closed 3-manifold Y if (%, «, 8) is compatible with Y and the union a’ U b’
is isotopic to K.

Definition 3.7. Suppose (Z, o, §) is a Heegaard diagram of a closed 3-manifold Y. AknotK C Y
is called the core knot of B; for some f3; C B if it is constructed as follows. Let M be the manifold
compatible with the diagram (Z, a, 5\;). It has a torus boundary and 8; induces a simple closed
curve 8/ on M. Dehn filling M along 8] C M gives Y. Let K be the image of S' x 0 C ' x D*
under the filling map, where S* x D? is the filling solid torus.

The following is a basic fact in 3-dimensional topology.
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Proposition 3.8 [52, Section 2.2]. For any closed 3-manifold Y and any knot K C Y, thereis a doubly
pointed Heegaard diagram compatible with (Y, K).

In the rest of this subsection, we provide the construction of the balanced sutured handlebody
(H,y) used in Theorem 1.2.

Construction 3.9. Suppose Y is a closed 3-manifold and K C Y is a knot. Suppose (Z, a, 8, z, w) is
agenus (g — 1) doubly pointed Heegaard diagram compatible with (Y, K). Consider the manifold
M obtained from X X [—1, 1] by attaching a 3-dimensional 1-handle along {z, w} x {1}. Let T’ be
the component of dM with genus g. Let a, C ¥’ be the curve obtained by running from z to w
and then back over the 1-handle. Let 8, C ¥/ be a small circle around z. Set

o =ax{l}u{a,}and B’ = B x {1} U{B,}.

Then (¥',a’, §) is a genus g Heegaard diagram compatible with Y. Since 8, is a meridian of K,
the knot X is the core knot of 3,,.

Construction 3.10. Suppose Y is a closed 3-manifold and (¥',a’, 8" = {6, ..., 8,}) is a genus ¢
Heegaard diagram compatible with Y. Let Y(1) be obtained from Y by removing a 3-ball. The man-
ifold Y(1) can be obtained from the a’-handlebody by attaching 3-dimensional 2-handles along j;
for each integer i € [1, g]. Note that a 3-dimensional 2-handle can be thought of as [—1,1] x D?
attached along [—1,1] x dD?2. Let §; = [—1, 1] x {0} be the co-core of the 2-handle attached along
;. We have a properly embedded tangle in Y(1):
T=6,u-ub,.
Pick a simple closed curve § C dY(1) such that for any i, two endpoints of 6, lie on two different
sides of . From the construction, the manifold Y(1); = Y(1)\N(T) is the a’-handlebody and the
suture &y consists of all 8; curves and a curve 8, induced by &, that is,

Sr =B U-UB,UB, 1.

Hence R, (67) and R_(Jr) can be obtained from X\ by cutting along 8, which are both spheres
with (¢ + 1) punctures.

Construction 3.11. Suppose Y is a closed 3-manifold and K C Y is a knot. Suppose (Z,a, 8 =
{B1,-,B,-1} 2z, w) is a genus (g — 1) doubly pointed Heegaard diagram of (Y, K). We apply Con-
struction 3.9 to obtain a genus g Heegaard diagram (¥’,a’, 8" = {§, ..., 8,}) of Y, and then apply
Construction 3.10 to obtain a balanced sutured handlebody

H,y) =), 67 =B U UByp1)

Note that the diagram (Z’, o', 8) is compatible with the knot complement Y (K). Suppose ,6; ¢
and ; ', are curves on dY(K) induced by B, and g, respectively. Since ﬁ;’ n ’g’+1 =fJ and

dY(K) = T?, the curve ,6’;’“ is parallel to ﬁ’g’. Since ﬁ;’ is a meridian of K and (Y (K), 6;/ U ﬁ;’ﬂ) is
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a balanced sutured manifold, the curve 8 :; ! , must be another meridian of K with the orientation
opposite to that of ,6’; ",

We provide an explicit construction of the curve §,,; C dH in Construction 3.11.

Construction 3.12. Suppose (&', a/, 8" = {4, ..-,8 ,}) is a genus g Heegaard diagram compatible
with a closed 3-manifold Y. Let H be the a’-handleboby. For any integer i € [1, g], let 3; be ori-
ented arbitrarily and let Bi’ C OH be the curve obtained by pushing off ; to the right with respect
to the orientation. Suppose 3 l’ is oriented reversely. Let 3, be the curve obtained from Blf by band
sums with respect to orientations so that 8, is disjoint from f;, ..., 8. Set

Yy =B U-UB .
It is straightforward to check that (H, y) is the one obtained in Construction 3.11.
We can also obtain the original 3-manifold Y from the sutured handlebody (H, y) as follows.

Construction 3.13. Suppose H is a handlebody, and y is a suture on 0H such that R, (y) and
R_(y) are both spheres with (g + 1) punctures. Let £ = 0H. Suppose X has genus g. Let ...,
be boundaries of g compressing disks D;,...,D, so that H\(D; U--UD,) is a 3-ball. Since
R, (y) and R_(y) are both spheres with (g + 1) punctures, the suture y has (g + 1) components.
We can take arbitrary g of them to form . Then (%, a, 8) is a Heegaard diagram. Let Y be a
closed 3-manifold compatible with (%, a, §). Since different choices of such g curves from y are
related to each other by a finite sequence of handle slides, the manifold Y is well defined up to
diffeomorphism.

Let § be the remaining component of y and let T be the union of co-cones of 8; curves as in
Construction 3.10. It is straightforward to check that (Y (1), 6;) = (H,y).

3.2 | A dimension inequality for tangles
In this subsection, we prove a generalization of Proposition 1.4.

Proposition 3.14. Suppose (M, y) is a balanced sutured manifold and T is a vertical tangle. Suppose
a C T is a component of T so that [a] = 0 € H;(M,3M; Q). Let T' = T\a. Then we have

dim.SHI(—M, -y, T") < dimcSHI(—M, -y, T).
Proof. We prove this proposition in followings steps. By Theorem 3.3, it suffices to prove
dim¢ SHI(=Mr, —yr) < dime SHI(=My/, =y 1),

where (M, yr) and (M, yp+) are constructed as in Definition 3.1.
Step 1. We construct an auxiliary manifold M with a family of sutures ', forn € NU {—, +}
0
on OMrp, .
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Since [a] = 0 € H,(M,JdM;Q), there exist g,k € Z and arcs by, ...,b, C M such that there
exists a surface S in M with dS consisting of b, ,..., b, and q copies of a. Suppose components
of T are a;, a,, ...,a,,, witha; = a.

As in Definition 3.1, we form a new balanced sutured manifold (My,yr) as follows. Since T
has m components, dN(T) intersects each of R, (y) and R_(y) in m disks and intersects int(M) in
m cylinders. Let Cy, ..., C,, be the cylinders corresponding to a, ..., a,,, respectively. Let M =
M\int(N(T)). For any integer i € [1,n], let y; C C; be a simple closed curve representing the
generator of H,(C;). Let a; be oriented from R, (y) to R_(y). Then y; has an induced orientation
from a;. Let

Yr=vUyU--Uyy,.

The surface S is modified into a properly embedded surface S in My as follows. First, for the
part of 3S consists of g copies of a, we isotop them to be on C;. Then b; for any integer j € [1, k]
can be viewed as an arc on dM;\C;. We can isotop S to make it intersect a; transversely for any
integer i € [2, m]. Let Sy be obtained from S by removing disks in N(T'). Hence S N C; consists
of q arcs, each intersecting y, transversely at one point. For any integer i € [2, m], the intersection
St N C; is a (possibly empty) collection of circles that are parallel to y;.

Note that b, is disjoint from all y;, but intersects the original suture y. Since the arc b; C dS; C
OMr has one endpoint in R, (y) and the other in R_(y), the intersection number of y and b,
must be odd. Let b, be oriented from R (y7) to R_(y7) and let the intersection points between b,
and y be py, ..., p; with [ odd, ordered by the orientation of b;. Let b be a perturbation of b; such
that b; and b; meet at endpoints. Suppose the intersection points between b; and y are qy, ..., Q)
so that g; is near p; for integer i € [1,1].

If I = 1, then (M, y7) is enough for the proof. If I > 1, we have to perform the following mod-
ification on (My,y;). We attach a contact 1-handle to (M,y) along g, and g;_; in the sense of
Baldwin and Sivek [4, Section 3.2], or equivalently, attach a product 1-handle in the sense of Kro-
nheimer and Mrowka [34, proof of Proposition 6.9]. They both proved that the balanced sutured
manifolds before and after attaching such a 1-handle have exactly the same closure. Thus, after
attaching the 1-handle, the sutured instanton Floer homology does not change. We still use (M, y)
and (Mr, yr) to denote sutured manifolds after attaching the 1-handle. Now we can choose an arc
¢ satisfying the following conditions.

(1) Endpoints of ¢ are contained in 4C;.
(2) The arc ¢ intersects y transversely at one point.
(3) The arc ¢ is disjoint from Sy.

The arc ¢ can be obtained by first going along b; until reaching q;, then going along
the 1-handle, and going back to b; at the point g;_; and then keeping going along b;.
Finally, we slightly perturb this arc to make it disjoint from S;. See the middle subfigure of
Figure 4.

Let a, be the arc obtained by pushing a neighborhood of g; in ¢ into the interior of My.
Suppose the endpoints of q are still in { and q, is disjoint from S;. The arc a, is a verti-
cal tangle in M, and hence also a vertical tangle in the original manifold M. Let T, = T U a,,
and T; = T’ U a,. Let (M7, yr,) be obtained similarly as (M, yr). Since My, = M7 \N(ay), the
cylinder C, and the suture y, are defined similarly as C; and y; for any integer i € [1,m]. A
sketch is shown in the left-subfigure of Figure 5. Let {, be two parts of ¢ contained in R (rr,)
respectively.
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—

FIGURE 5 Left, a sketch of the balanced sutured manifold (MTO, yTn) with the arcs ¢, and {_; right, the
suture I’y

Now, we pick a family of sutures I, on My, such that I'; is the suture obtained from y, by
replacing y, and y, by other two curves. We describe the two new curves as follows. For I'y, the
new curves are depicted in the right subfigure of Figure 5. Note that the part of the new curves
inR i()/TO) consists of two parallel copies of ¢, , respectively. The suture T, is obtained from I, by
Dehn twists along —y; for n times, as shown in the left subfigure of Figure 6.

There are two obvious bypass arcs in the left-subfigure of Figure 6, denoted by . and 7 _, respec-
tively. By Theorem 2.37, these two bypass arcs induce two bypass exact triangles:

n—1
i

SHI(-My, T, ) SHI(-My,,-T,)

3.1)
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FIGURE 6 Left, the suture I, and the bypass arcs 7, and 7_; right, the suture I',

and

SHI(-My,, T, _,) : SHI(-Mj,,-T,)
(3.2)

SHI(-My,,—T_)

respectively, where I'_ is the same as the original suture yr, , and I', is the suture as depicted in
the right subfigure of Figure 6.

Note that the bypasses are attached to 7, and 7_ from the exterior of the 3-manifold M. 1,» though
the point of view in Figure 6 is from the interior of the manifold. Hence readers have to take extra
care when performing these bypass attachments.

Step 2. We use bypass maps and bypass triangles to derive a dimension inequality about My, .

Recall we have a properly embedded surface S; C M. Since a, N Sy = @, we can regard Sy as
a properly embedded surface in My, . Let S; be oriented so that the orientation of Sy coincides
with that of a (= a,). Note that | and {_ are both disjoint from S;. We can perform stabilizations
on St so that the followings hold.

(1) St is admissible with respect to the suture I'_ (= Y1, ).

(2) For any n € NU {—, +}, S; has minimal possible number of intersection points with the part
of the suture T, \(y Uy, U --- U y,,).

(3) Sy isdisjointfrom ¢, U{_.

The surface after stabilizations is still denoted by S;. After obtaining the surface Sy satisfying
the above three conditions, we further perform stabilizations as follows. For any n € NU {—, +},
if Sy is already admissible with respect to I',,, then let S,, be the surface S; without any further
change. If Sy is not admissible with respect to I',, then we perform a negative stabilization on
S within C; to make it admissible, and write S,, for the resulting surface. Equivalently, define a
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map
T :NU{—, +}—{0,-1}

0 If|S;nT,nC|isodd,
w(n) = .
-1 If|SynT,NnC|iseven.

Then we take S,, = S;(”), where the superscript follows Definition 2.24. Note that all the stabiliza-
tions are with respect to I, rather than —T',,.

By Theorem 2.21, for any n € N U {—, +}, there is a closure (Y, R, @,,) for (My,T},) so that S,
extends to a closed surface S,,. Let

. 1 = . 1 -
llrlllax = _EX(Sn)’ and lﬁlin = EX(Sn) —1(n).
Lemma3.15. Ifi> iy ori<iy. . then @(—MTO, -T,,S,,i) =0.

Proof. If 7(n) = 0, then the lemma follows directly from term (1) of Theorem 2.21. If 7(n) = —1,
then term (1) of Theorem 2.21 only implies that for i < i’ = —1,

SHI(-My,,~T,,S,,.i) = 0.

For the remaining case where i = i;’1 m— L from term (3) of Theorem 2.21, we have

S
SHI(~My,,~T,,, S, ) = SHI(—M, , ~T,,, —S,,, i) = SHI (—MTO,—rn,—Sn,—)‘(z”)> -

From the construction of S,,, we know that —S,, is obtained from S; by a negative stabilization
with respect to the suture —T',,. Hence we can apply Lemma 2.25 and term (2) of Theorem 2.21 to
obtain the vanishing result. [l

Remark 3.16. A priori, we do notknow if SHI is non-vanishing at the gradings i’ | andi’ . ,though
this does not make any difference in the proof of Proposition 3.14.

Next, we will derive a graded version of bypass exact triangles (3.1) and (3.2). To do so, we
will discuss more about the surface S,. Since dS; contains q copies of a;, for any n € N, we
have

St T, NC|=q, |S;NnT_NC|=3q, and |[Sp; N[, NCy| =(2n+1)q.

From Theorem 2.21, we know that for any n € N,

x(S_) = x(S,) — g+ (=) and x(S,) = x(S,) — nq + t(n). (3.3)
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From Lemma 3.15, we have

. o _
nlirfm il .x = tooand ngrfm i, = —00. (3.4)

To present the grading shifting property better, we make the following definition.

Definition 3.17. Suppose (M, y) is a balanced sutured manifold and S is an admissible surface
in (M,y). For any i, j € Z, define

Lemma 3.18. For any n € N, we have two exact triangles

Vi
SHI(-My,,—T,. S,)[i" —i" | ————"—— SHI(-My,.—T,,,. 5,.,)

min min

Vi, ‘
v

SHI(=My, , T, SOl — it ]

max max
and

(2
max max] E(_Mﬂ,’_rn-f—l’sn-f—l) .

v,
wr!

SHI(—My,,—T"_, SO)lirt) — i ]

min min

SHI(-My, , —T,, Sl — i

Furthermore, all maps in the above two exact triangles are grading preserving.

Proof. We only prove the grading shifting behavior of the map z/)fr++1 in the triangle (3.1), and the
proof for any other map is similar. For simplicity, we also assume that 7(n) = 7(+) = 0 (Note that
7(+) = 0 by definition), and other cases are similar. From Subsection 2.3, we know bypass maps
are constructed via contact handle maps and ultimately via cobordisms maps associated to Dehn
surgeries (cf. [4, Section 3]). It is obvious that the bypass arc is disjoint from 8S,, | ;. By construction

of the grading in Theorem 2.21, this implies that the following map is grading preserving:
¢ZT+1 : @(_MTO’ _rn+l > Sn+1) - @(_MTO’ _F+’ Sn+l)'

From Figure 7, it is straightforward to check that S, ; is obtained from S, by

max

1 . .
5(|Sn+1nr+nC1|—|S+nr+ncl|)=2(z”+1—z;1ax)

negative stabilizations, with respect to the suture I', . Hence they become positive stabilizations
with respect to —I', . Then the grading shift follows from Theorem 2.27. 1

Remark 3.19. The statement of Lemma 3.18 can be illustrated in Figure 8, where sutured instan-
ton homologies are denoted by the related sutures and maps are denoted by horizontal arrows.
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Posltlve

\ " Stabilizations

FIGURE 7 Left, the suture I, the surface S,, and the bypass 7, ; right, the suture I, after the bypass
attachment along 7,

—F+[ n+l i+

max max.

-I't [L;;Itrlz - i;zin]

_Fn+1 _Fn+1

_Fn [,L‘nJrl‘ 4

mazxr max

_Fn[in{rl i }

mn mn

FIGURE 8 Illustration of Lemma 3.18

The heights of the blocks depend on i, — ij,;n- This illustration is also useful for statements in
Section 4.

Equipped with Lemma 3.18, we are able to prove the following lemma. Forany i € Z,n € N, let

be the restriction of " on the ith grading associated to S,,.

Z'b+ n+1 +,n+1

Lemma 3.20. The map

Y0 SHI(=My, T, Sy, j) = SHI(=My, , =Ty, Sy j = (00, = 151)

is an isomorphism if

n+1 n+1 +
J< max + (lmm mm) ( mm)
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Similarly, the map
¥y ¢ SHI=My, =T, S, j) = SHI(=Mp, =T,141, 8,41, + (i = i70,))
is an isomorphism if

n+1 intl _ :n i— i—
min @ ax lmax) + (lmax - lmin)‘

Jj>i
Proof. We only prove the first statement. The proof of the second argument is similar. Suppose

— i _ (;ht+l n+1
L=J (lmin mln)

Then we know that there is a map
"L SHI(~My,, ~Tpg1s Span§) — SHI-My, , —T, 8,0 — 021 4 it

By assumption, we have

; n+1 P n+1 n+1
L= Lhax + lmax J (lmin mm) + lmax
n+1 n+1 + _ n+1 n+1
Lnax + (lmm mm) (lmaX mm) (lmm mm) max + l
= it
minmin®

Hence it follows from Lemma 3.15 that z,b"“ i = 0. By Lemma 3.18, the map 3"/ ' ne1 IS surjective.
The proof of injectivity is similar. [l

Lemma 3.21. For any n € N, there is an exact triangle

SHI( MT s T SHI(_IVITO7 _Fn+1)
\ / (35)
SHI(-=M;. ~y7,)
Furthermore, we have two commutative diagrams related to ;b_’;,n L and " v respectively

n
L

SHI(-M;,,-T',) SHI(-My,.-T,.,)

SHI(—~ My, —7,)

Proof. Let yi be the curve obtained by pushing y, into the interior of My , with the framing from
0My, . The (0, 1, co)-surgery triangle associated to y} is the following.

((=My)1, T ((~My)r T 1)

\/

(=M ~Ts)
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FIGURE 9 Left, the suture I',, the meridian y,, and the bypass 7, ; right, the balanced sutured manifold
M I yTé) after attaching a contact 2-handle along y,

Since y{ is in the interior of My, the surgeries do not influence the procedure of constructing
closures of balanced sutured manifolds. Hence from Theorem 2.5, we have an exact triangle

ﬂ((_MT“)p_FnH) @((_Mﬂ,)w’_rn#—l)

\/

SHI((=Mr,)g, —T'ys1)

The co-surgery does not change anything, so
(=M1 )oo> =Tpy1) = (=Mz, =T 41)

The 1-surgery is equivalent to a Dehn twist along ¥/ . It does not change the underlying 3-manifold,
while the suture I',,, ; is replaced by I',;:

((_MTO)I’ —I,.)= (_MTD’ =I,).

Finally, for the 0-surgery, from [4, Section 3.3], we know that on the level of closures, performing a
0-surgery is equivalent to attaching a contact 2-handle along y, C My, . Attaching such a contact
2-handle changes (My,T),11) to (M. T yTé). Hence we obtain the desired exact triangle.

To prove two commutative diagrams, first note that the curve y{ is disjoint from the bypass arc
7,. As a result, the related maps commute with each other:

¢i,n+1 oG, = Gpyq ozpr)jr >

where nﬁr is the bypass arc as shown in the right subfigure of Figure 9. It is straightforward to check
that the bypass along n; is a trivial bypass, and hence from [23, Section 2.3] it does not change the
contact structure. From Subsection 2.3, the bypass maps can be reinterpreted as contact gluing
maps, and by the functoriality of instanton contact gluing maps in [41], we know that the bypass
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map ¢,7+ corresponding to the trivial bypass 7, is the identity map. Hence we conclude that

n

+,n+1°G" = Gn+1°¢n’+ =G, q0id =Gy

L . . n o
The other commutative diagram involving 1,b_’n 4+ can be proved similarly. O
Lemma 3.22. For a large enough integer n, the map G,, in Lemma 3.21 is zero.

Proof. We assume the lemma does not hold and derive a contradiction. For any n, there exists
x e @(—MT(I), —VT(’)) such that

y= Gn(x) ;é 0e E(_MTN _Fn)
Suppose

y= Zyj, where y; € @(—MTO,—Fn,Sn,j),

jez

Jmax = Max j and j;, = minj.
max yﬂéO min yj¢0

By assumption, j,. and j;, both exist and j . = jnin- SUppose
z = Gy (x) € SHI(=M7, =T1y),
and similarly

z= ) zj, wherez; € SHI(-Mr , Ty, 8,1, ).
jez

From facts (3.3) and (3.4), we know that for a large enough integer n, we have

in+1 in in+1 i+ i+ in+1 in+1 in i— i—
Lnax (lmin - lmin) - (lmax - lmin) > lnin — (lmax - lmax) + (lmax - lmin)‘

Hence at least one of the following two statements must be true.

) Jmax > I = AL =i )+ Gy — ).

min
i in+1 in in+1 i+ it
(2) Jmin < lmax + ("min - lmin) - (lmax - lmin :

We only work with the case where the first statement is true, and the other case is similar. From
Lemma 3.21, we have

z=9) =97 0.
Suppose

. . .n 41
1= Jmax = Jmax T (lmax - lmax)’

and

. . . n+1
J, =1+ (lrr;lin - lrlg—n)'

By Lemma 3.18, we have

n,j’ _ o Mjm:
b)) =2 =)
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Since j' > j.x We have z; = 0. By Lemma 3.20, the first statement implies z,bfjnnfi‘ is an isomor-
phism. Hence y; = 0, which contradicts the assumption of j,,. O

Suppose n is large enough. By the exact triangle (3.5), the fact that G,, is zero implies
dimg SHI(—My/, —y71) = dim¢ SHI(—My, , ~T,y.) — dim SHI(-My , —T,).

From the exact triangle (3.2) and the fact that '_ =y, we have
dim¢ SHI(=Mr,, =yr,) < dim¢ SHI(=M7, =T ;) — dim¢e SHI(=Mry,, —=T',).

Step 3. We obtain the desired inequality from the above equality and inequality.

Note that a; is an arc obtained by pushing a neighborhood of g; in ¢ into the interior of M,
and My is obtained from My by removing N(a). There is an embedded disk D in My, whose
boundary is the union of a, and the neighborhood of g; in {. Moreover, dD intersects Yr, at two
points, one of which is g; and the other is in y,,. By the proof of [34, Proposition 6.9], decomposing
the sutured manifold (M, , y,) along D does not change the isomorphism class of the sutured
instanton Floer homology (D is a product disk in the sense of [27, Definition 2.8]). It is straightfor-
ward to check the sutured manifold after the sutured manifold decomposition is exactly (M, y7).
Then we have

dim¢ SHI(=My , —y7,) = dime SHI(=Mp, —y7).
Similarly, we have
dime @(—MT(’J, _YT(’)) = dim¢ SHI(=Mz/, =y7/).
Thus, we conclude
dim¢ SHI(—My, —y7) < dime SHI(—Mpr, =y 7). m

Proof of Theorem 1.2. Suppose (H,y) = (Y(1), 87) and (Y(K), 8 ; "up ; ') are obtained from Con-
struction 3.11. Note that 6; "y ; ., are parallel copies of the meridian of K. Then we have

KHI(-Y,K) = SHI(-Y(K), ~(8" UB!,,)

by Definition 2.17. Since Y is a rational homology sphere, we have
Hy(Y(1),0Y(1);Q) = 0.

In particular, any component of T has trivial rational homology class. Then the theorem follows
from Proposition 3.14 and Theorem 3.3. O

Remark 3.23. Suppose (%, a, ) is a Heegaard diagram of a rational homology sphere Y and K is the
core knot of §; for some 8; C 5. Suppose (H,y) = (Y (1), d7) is obtained from Construction 3.12.
Then the proof of Theorem 1.2 applies without change, and we conclude the same inequality.
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Proof of Proposition 1.5. Similar to the proof of Theorem 1.2, since the knot K has trivial rational
homology class, the corresponding tangle has trivial homology class in H;(Y(1),0Y(1); @). [

Corollary 3.24. Suppose (2, a, 8) is a genus g Heegaard diagram of a rational homology sphere Y.
Let (H, y) be the sutured handlebody obtained by Construction 3.12. Suppose

g

1
n=52|ainy|.

i=1

Then we have
dim I*(-Y) < 2"79.
Proof. By Theorem 1.2, we know that
dim I*(Y) < dimSHI(—H, —).
Hence it suffices to prove that
SHI(-M, —y) < 2"7°.

First note thatifn < g, then there exists an integer i € [1, g] such thata; Ny = @. Hence (—H, —y)
is not taut. By Theorem 2.14, SHI(—M, —y) = 0.

When ¢ = n, then either there exists an integer i € [1, g] such that o; Ny =@, and then
SHI(—M, —y) = 0 as above, or for each i € {1, ..., g}, «; intersects y precisely at two points. Thus
the disk D; C H bounded by ¢; is a product disk. Let D = D; U --- U D . We can perform a sutured

D
manifold decomposition (—H, —y) ~ (D3, §), where D3 is a 3-ball and § is a suture on D3. From
Theorem 2.15, we know that

dim SHI(—H, —y) = dim-SHI(D?,§) = 1.

We prove other cases by induction on n. Assume that the statement has been proved for
g < n =k — 1. For the case of n = k, we proceed as follows. Since k > g, there is a curve «; satis-
fying a; Ny > 4. Suppose 7 C «; is an arc such that 07 C y, and the interior of 7 intersects with y
transversely once. By Theorem 2.37, we have a bypass exact triangle from the bypass attachment
along n:

SHI(—-H,~y)

T

SHI(~H, ~7,) SHI(—H,—7,)

It is straightforward to check that

n n
Zlylmxl-l <2k —2and Zlyznai| <2k —2.
i=1 i=1
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FIGURE 11 The diagram of (H,y)

By the induction hypothesis and the exactness, we conclude that
dim¢SHI(—H, —y) < dim¢SHI(=H, —y,) + dim¢SHI(—H, —y,) < 2879,
Thus, we complete the induction. |

Example 3.25. Suppose we have a Heegaard diagram (Z, «, 8) of Y as in Figure 10. It is straight-
forward to check that

We can apply Construction 3.12 to obtain a sutured handlebody (H,y). See Figure 11. By Theo-
rem 1.2, we know that

dim I*(~Y) < dimSHI(-H, —). (3.6)
It remains to bound dim: SHI(—H, —y). If we apply Corollary 3.24 directly, we obtain
dim SHI(—H, —y) < 64.

However, we can improve this bound by examining the bypass exact triangles more carefully in
the following steps.
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FIGURE 12 Thediagram of (H,y;)

FIGURE 13 Thediagram of (H,y,)

Step 1. We can do a bypass attachment along the arc 7, as shown in Figure 11. By Theorem 2.37,
there exists an exact triangle

SHI(-H,—y)

T .

SHI(-H.~7,) SHI(-H.—7,)

The sutures y, and y, are depicted in Figures 12 and 13, respectively.

Step 2. We compute SHI(—H, —Y,). The curve a, bounds a disk D C H. It then induces a grad-
ing on SHI(—H, —y,). Note that D is not admissible in the sense of Definition 2.20, so we perform
a negative stabilization on D as in Definition 2.24, and write D~for the resulting disk. By Theo-
rem 2.21, SHI(—H, —y,,D~,i) = 0, for |i| > 1. We can perform a sutured manifold decomposition

D~ /
(_H’ _72) > (V’ 72),

where V is a solid torus and y{ is depicted as in Figure 14. From Theorem 2.21 and Theorem 2.14,
we know that

SHI(—H,—y,,D~,1) = SHI(V,y}) = 0.
By Lemma 2.25, Theorem 2.21, and Theorem 2.14, we know

@(_H’ _Vz,D_’ _1) =@(_H’ _72, _D_7 1)
=@(_H5 _729 (_D)+9 1)

=0.
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FIGURE 14 The diagram of (V, ;)

FIGURE 15 The diagram of (V,y}

By Theorem 2.21, Theorem 2.27, and Theorem 2.14, we know
@(_Ha _},25 D_a O) = @(_Ha —72, _D_a O)
= @(_Ha _}/29 (_D)+9 0)
= @(_H7 _727 (_D)_7 1)

= @(V, ]/;, .

Here (V, 7)) is obtained from (—H, —y,) by decomposing along (—=D)". V is a solid torus and y/
is depicted as in Figure 15. From [42, Proposition 1.4], we know that

SHI(V, 7)) = C*.
Hence we conclude that
SHI(—H, —y,) = C°. (38)

Step 3. We can perform a second bypass along the arc 7, as shown in Figure 12 on (H, ;) and
obtain an exact triangle

SHI(-H, -y))

/ \ 39)

SHI(-H, —y,) SHI(-H, —y3)
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It is straightforward to check that both y; and y, intersect the disk D at four points, so we can
compute in the same way as we did for SHI(—H, —y,)

SHI(—H, —y;) = C, and SHI(-H, —y,) = C°. (3.10)
From (3.6), (3.7), (3.8), (3.9), and (3.10), we know that

dim I*(-Y) < 10.

3.3 | The instanton knot homology of (1,1)-knots
In this subsection, we use Theorem 1.2 to prove Theorem 1.6.

Definition 3.26. Suppose p,q € Z satisfy p > 1,0 < q < p and ged(p, q) = 1. Let & and 3 be two
straight lines in R? passing the origin with slopes 0 and p/q, respectively, and let r : R?> — T?
be the quotient map induced by (x,y) - (x + m,y + n) for m,n € Z. Suppose o = r(&) and g =
r(B). Then the manifold compatible with the Heegaard diagram (T2, a, 8) is called a lens space
and is denoted by L(p, q). Furthermore, the Heegaard diagram (T2, a, 8) is called the standard
diagram of the lens space. In particular, we regard S as a lens space L(1,0).

The lens space is oriented so that the orientation on the a-handlebody is induced from the
standard embedding of S' X D? in R3. With this convention, the lens space L(p, q) comes from
the p/g-surgery on the unknot in S3.

Definition 3.27. A proper embedded arc 7 in a handlebody H is called a trivial arc if there is an
embedded disk D C H satisfying 0D = n U (D N dH). The disk D is called the cancelling disk of 1.
A knot K in a closed 3-manifold Y admits a (1,1)-decomposition if the followings hold.

(1) Y admits a splitting Y = H, Uy2 H, so that H; =~ H, =~ S' x D2,
(2) K N H; is a properly embedded trivial arc in H; fori € {1, 2}.

In this case, Y is either a lens space or S' x S2. A knot K admitting a (1,1)-decomposition is called
a (1,1)-knot.

Proposition 3.28 [56, Section 6.2; 17, Section 2]. For p,q,r,s € N satisfying2q +r < pand s < p,
a (1,1)-decomposition of a knot determines and is determined by a doubly-pointed diagram. After
isotopy, such a diagram becomes (T?,a, 3, z, w) in Figure 16, where p is the total number of inter-
section points, q is the number of strands around either basepoint, r is the number of strands in the
middle band, and the ith point on the right-hand side is identified with the (i + s)-th point on the
left-hand side.

Definition 3.29. A simple closed curve 3 on (T?, a, z, w) is called reduced if the number of inter-
section points between a and 3 is minimal. The doubly pointed diagram in Figure 16 is called the
(1,1)-diagram of type (p, q,r, s), which is denoted by W(p, g, r, s). Strands around basepoints are
called rainbows and strands in the bands are called stripes.
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FIGURE 16 (1,1)-diagram

If the (1,1)-diagram of W(p, q,r,s) is a Heegaard diagram for some parameters (p,g,r, s), or
equivalently, 8 has one component and represents a non-trivial homology class in H,(T?), then
the corresponding knot is also denoted by W(p, q, 7, s).

A (1,1)-knot whose (1,1)-diagram does not have rainbows is called a simple knot (c.f. [57, Section
2.1]). For simple knots, let K(p, q, k) = W(p,0,k, q).

Proposition 3.30. The mirror knot of a (1,1)-knot W(p, q,r,s) is

W(p,q,p—2q—r,p—s+2q).

Proof. The Heegaard diagram of the mirror knot of W(p, q,r, s) is obtained by the (1,1)-diagram
of W(p,q,r,s) by vertical reflection. We redraw the Heegaard diagram so that the lower band
becomes the middle band and the middle band becomes the lower band. This proposition follows
from the definition. O

According to [17, Section 3] (also [52, Section 6]), for the HFK of a (1, 1)-knot, the generators
of the chain complexes are intersection points of « and § in the (1,1)-diagram and there is no
differential. Thus, the following proposition holds.

Proposition 3.31. Fora (1,1)-knotK = W(p,q,r,s) inY, we have

HFK(Y,K) = ZP.

We restate Construction 3.12 more carefully.

Construction 3.32. Suppose (T?,«, 3, z,w) is the (1,1)-diagram of W(p, q,r,s). We construct a
sutured handlebody (H, y) as follows, called the (1,1)-sutured-handlebody of W(p, q,r, s).

(1) Let = be the genus-two boundary of the manifold obtained from [—1,1] X T? by attaching
a 3-dimensional 1-handle along {1} X {z, w}. For simplicity, when drawing the diagram, the
attached 1-handle will still be denoted by two basepoints z and w.
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(2) Let a; and $; denote the curves on £ induced from o and 3, respectively. Let 3 be oriented
so that the innermost rainbow around z is oriented clockwise, which induces an orientation
of ;. If there is no rainbow, let 8 be oriented so that each stripe goes from left to right in
Figure 16.

(3) Consider the straight arc connecting z to w in Figure 16. It induces a simple closed curve a,
on X by going along the 1-handle. Let 3, be the curve on £ induced by a small circle around
z, oriented counterclockwise.

(4) Lety; and y, be obtained by pushing off 8, and §3, to the right with respect to the orientation.
Suppose they are oriented reversely with respect to §; and 3,, respectively. Let a be a straight
arc connecting the innermost rainbow of 8 around z to the above small circle. It induces an
arc connecting y; to y,, still denoted by a,. Let y; be obtained by a band sum of ; and y,
along a,, with the induced orientation.

(5) Let H be the handlebody compatible with the diagram (Z, {a;, «,}, ) and let

Y=71UYyUYs.

Rainbows and stripes are defined similarly for sutures.
The main goal is to prove the following theorem.

Theorem 3.33. Suppose (H,y) is the (11)-sutured-handlebody of W(p, q,r, s) constructed in Con-
struction 3.32. Then we have

dim¢ SHI(-H, —y) < p.
Before proving this theorem, we first use it to derive Theorem 1.6.

Proof of Theorem 1.6. Combining Theorem 1.2, Proposition 3.31, and Theorem 3.33, for a (1, 1)-knot
K =W(p,q,r,s)in a lens space Y, we have

dime KHI(-Y,K) < dimg SHI(—H, —y) < p = tk, HFK(-Y, K).

Then the theorem follows from Proposition 3.30, that is, the mirror knot of a (1, 1)-knot is still a
(1, 1)-knot with the same intersection number p. O

Proof of Theorem 3.33. We prove the theorem by induction on p for any (1,1)-diagram of
W(p,q,r,s) where 8 has only one component. This includes the case that 8 represents a trivial
homology class. The induction is based on the bypass exact triangle in Theorem 2.37. We will show
three balanced sutured manifolds in the bypass exact triangle are all (1,1)-sutured handlebodies,
where one is the (1,1)-sutured handlebody we want and the other two are (1,1)-sutured handle-
bodies with smaller number p. By straightforward algebra, if the dimension inequality holds for
two terms in the bypass exact triangle, then it also holds for the third term.
For the base case, consider p = 1. The curves ay, @,, 31, 5, in Construction 3.32 satisfy

lay N Byl =l N,y =1
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FIGURE 17 Several cases of §, and 6,

FIGURE 18 The suture related to W(6, 2,1, 3) and the anti-wave bypass arc

It is straightforward to check (H,y) is a product sutured manifold, so is (—H, —y). Then Theo-
rem 2.15 implies

dimg SHI(—H, —y) = 1.

Now we deal with the case where p > 1. In Construction 3.32, the innermost rainbow around
z, if exists, is oriented clockwise. Suppose &, is either the innermost rainbow around z, or a stripe
that is closest to z with z on its right-hand side. Suppose &, is another rainbow or stripe that is
closest to §; and is to the left of §;. See Figure 17 for all possible cases. Compared to Figure 16, we
have rotated the square counterclockwise by 90° for the purpose of a better display.

We consider two different cases about the orientation of &,.

Case 1. Suppose ; and &, are oriented parallelly.

We use W(6,2,1,3) shown in Figure 18 as an example to carry out the proof, and the general
case is similar. In this example, two innermost rainbows around z are oriented parallelly. By con-
struction, the curve y, is parallel (regardless of orientations) to y, outside the neighborhood of
the band-sum arc a,. Thus, there exists a unique rainbow of y; between §; and &, around z. Let
a, be an anti-wave bypass arc cutting these three rainbows, as shown in Figure 18. Suppose y’ and
y'" are the other two sutures involved in the bypass triangle associated to a,.
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FIGURE 19 Local diagrams after bypass attachments

From Proposition 2.31, we can describe the sutures y” and y” as follows. First, let y; and yf be
two components of y,\da;. Suppose

/ 1 1" 2
y;=7;Vaq andy] =yjuaq

as shown in Figure 19. Second, 7’ is obtained from y by a Dehn twist along y!’, and y"’ is obtained
from y by a Dehn twist along 7/

There is a more direct way to describe y’ and y”’. First, note that the suture y, is disjoint from
both Dehn-twist curves yi and yi’ , S0 ¥, remains the same in ¥’ and y”’. Second, it is straightfor-
ward to check the result of y; under the Dehn twist along y{’ is y{, and the result of y; under the
Dehn twist along y] is y}'. Thus, y] is a component of y” and ¥}’ is a component of y”.

To figure out the image y} of y; under the Dehn twist along y!/, we first observe that we can
isotop the band-sum arc a,, to a new position a6 such that its endpoints 6a(’) lie on y{ Ny, and y,,
as shown in the left subfigure of Figure 19. Thus, the facts that a is disjoint from y|" and that y/ is
the image of y; under the Dehn twist along y!’ imply that performing a Dehn twist along y;" and
performing the band sum along a6 commute with each other. Thus, we conclude that yg can be
obtained from a band sum on y| and y, along the arc a/. Similarly we can describe the image y!'
of y; under the Dehn twist along y;. Thus, we have described the sutures

Y =7viuyr,uysandy” =y uy,uyy

explicitly, and it follows that (H,y") and (H, y"") are both (1,1)-sutured handlebodies. Suppose they
are associated to W(p', ¢’,r',s") and W(p”, q",r",s"), respectively.
From the above description, both y! and y’ are reduced. We have

pP+p =l nal+ly nayl =y neyl =p.

Thus, the induction applies.

Case 2. Suppose §; and J, are oriented oppositely.

An example W (10, 3,1, 5) is shown in Figure 20. By construction, there is a rainbow of y; to
the right of §,. Let a, be a wave bypass arc cutting §,,,, and this rainbow as shown in Fig-
ure 20. Suppose ¥’ and y” are the other two sutures involved in the bypass triangle associated to
a,, respectively.

To describe the sutures y” and " more explicitly, note that the arc a, cuts y; into two parts y}
and yf. Suppose that near a,, y} is to the left of a, and yf is to the right of a,. For ¥/, it consists of
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FIGURE 21 Local diagrams after bypass attachments

FIGURE 22 Local diagrams after isotopy

three components:
Y =viur,uy;,

where y, is as before, yi is obtained by cutting y; open by a, and gluing it to yf, and y; is obtained
by gluing a copy of a, to yi. They are depicted as in the left subfigure of Figure 21. Note that
the curve yi is not reduced. We can isotop the curve along the arc yf into a reduced curve. The
orientations of curves imply this reduced curve is depicted as in the left subfigure of Figure 22.
Note that ¥} is also not reduced. However, from Figure 22 it is straightforward to check that
can be thought of as obtained from y, and y{ by a band sum along the arc a(’). Also, it is clear
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that
|71 na;| = |7’% Nnal.
Similarly, y”” consists of three components:
v =viururs,

where y, is as before, y!’ is obtained by cutting y; open by a, and gluing it to ¥}, and y is obtained
by gluing a copy of a, to yf. They are depicted as in the right subfigure of Figure 21. Considering the
orientations, we can isotop yg’ along y% to the position shown in the right subfigure of Figure 22.
Then y} can be thought of as obtained from y; and y/' by a band sum along a//. Also,

|7’£’ Nnay| = |V% nal.
Hence we conclude that (H,y") and (H, y"") are both (1,1)-sutured-handlebodies, and
|V£ Na| + |7;’ nayl =1y, Nyl + 1y nagl =y, Nayl.

Thus, the induction applies. O

3.4 | Large surgeries on simple knots

In this subsection, we generalize the idea about the anti-wave bypass arc in Case 1 of the proof of
Theorem 3.33 to prove Theorem 1.10.

For a simple knot K = K(p, q,k) C Y defined as in Definition 3.29, consider its (1,1)-diagram
(T?, &y, By, 2, w) and the Heegaard diagram (%, {a;, a,}, {8, B,}) of Y from Construction 3.9. Sup-
pose a = {a;,a,} and m = B3,. Let | be an arc connecting z to w in T? — 8, which induces a curve
on %, still denoted by I. Then (%, o, {8,}) is a diagram of the knot complement Y(K) and (m, )
forms a basis of H;(0Y (K)).

Given p,q € Z such that gcd(p,q) = 1, let ,8; be the curve on X obtained by resolving intersec-
tion points of |g| parallel copies of m and | p| parallel copies of I. Then (Z, «, {8;, ﬁ’é}) is a Heegaard
diagram of the manifold obtained from the q/p-surgery on K.

Remark 3.34. There are two ways of resolutions, namely the positive resolution and the negative
resolution. The choice of the ways depends on orientations of £ and curves and signs of p and q.
However, the goal in Theorem 1.10 is for any large enough surgery slope without regard for the
sign. So the choice here is not important.

Definition 3.35 [18, Section 7]. An arc a in a Heegaard diagram (Z, «, §8) is called an anti-wave if
it satisfies the following conditions.

(1) Itis properly embedded in a component R of Z\(a U ).

(2) Its endpoints lie on the interior of distinct arcs ry, r, of 0R, where r, and r, are subsets of the
same curve o; C a or 3; C (8 for some i.

(3) The local signs of intersection at two endpoints are the same.
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For the simple knot K, there exist anti-waves in each component of T?\a U B. It is possible to
choose [ so that I N R = @ for some component R of T?\(«x U B). Let a be an anti-wave in R. It
induces an anti-wave in (Z, a, {8, ,8;}) which is still denoted by a.

Lemma 3.36. Given the surgery slope q/ p, consider the Heegaard diagram (%, «, {§3;, 6;}) and the
anti-wave a defined as above. Let ﬁ% and ﬁf denote two arcs of B;\da and let 3, ; = Bi Uaforie
{1,2}. Suppose Y, is the manifold compatible with the Heegaard diagram (Z, o, {3 ;, ﬁé}) and K; is
the core knot ofﬁg. Suppose (Y, K,) = (Y, K). Then there exists a knot K’ C Y such that (Y;,K;), for
i = 0,1,2, satisfy the exact triangle associated to K’ in Theorem 2.19.

Proof. Consider neighborhoods N(;) and N (ﬁ;) of §; and ,8; on X, respectively. The manifold
E\Int(N(B)) U int(N(B)))

is diffeomorphic to S\ U?:1 D,, where D; are pair-wise disjoint disks. Suppose 0D; and dD, are

images of ON (ﬁ;) under the diffeomorphism and a becomes an arc connecting dD; to dD,. There

exists a curve 35 C S? separating D; U D, and D5 U D,. It induces a null-homologous curve on £

which is still denoted by 5. By construction, 35 is disjoint from Bl,ﬁé and g, ; fori € {1,2}.

The 3-manifold compatible with the diagram (Z, «, {$5}) has two toroidal boundary compo-
nents. It can be regarded as the complement of K and K’ in Y for some knot K’. Equivalently, K is
the core knot of 8, and K' is the core knot of 8; and the way how K and K’ is linked is determined
by f3;. After isotopy, $3,,8,; and 3, , intersect pair-wise at one point. Then Theorem 2.19 applies
to this case for K’. O

Lemma 3.37. There exists N, > 0 so that for any surgery slope q/p with |q/p| > N, the manifolds
Y, fori =0,1,2 in Lemma 3.36 corresponding to q/ p satisfy

|[H (Yol = [H (Y] + [H(Y))].

Proof. Fori € {1,2}, it is straightforward to check that §; ; is a reduced curve without rainbows
(cf Definition 3.29). Suppose orientations of curves are chosen so that

Brinoy| =By =p;and By Noy| =B a, =k;.
By construction, we have
D1+ Py =poand k; +k, = k.
It is clear that K; is the dual knot of some surgery on K(p;, g;, k;) for some g;. Suppose
l-ay =xand!l-a, =y.
Suppose the orientation of m is chosen so that m - a, = 1. Then we have

B -a; = px,and g - a, = q + py.
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Thus, for i € {1, 2}, we have
[H,(Yo)l = |pko = (q + py)pol and |H,(Y;)| = |pk; — (g + py)p;-
One of these orders is the sum of other two. If |q/p| is large enough, the order
|H1(Yo)l = plko = (q/p + ¥)Dpo]
is greater than |[H,(Y;)| for i € {1, 2}. Hence we conclude the lemma. O

Proof of Theorem 1.10. We prove the theorem by induction on p,, for simple knots K(p,, gy, ko)-
For the base case, consider p, = 1. The simple knot is the unknot in S*. The dual knot is the
core knot of 3 for the standard diagram of a lens space, which is also a simple knot (cf. [57, Section
2.3]). The theorem follows from Proposition 1.9.
When p, > 1, consider knots K; and the related simple knots K(p;, q;, k;) fori € {1, 2} in Lem-
mas 3.36 and 3.37. By induction hypothesis, there exist N; for K(p;, g;, k;) so that r surgery with
[r| > N induces an instanton Floer simple knot. Equivalently,

We have to discuss the basis of the homology at first. The basis (m, I;) of H,(0Y (K,)) is chosen
with respect to the anti-wave in the Heegaard diagram corresponding to K, which induces a basis
on H,(dY,(K;)). However, in the proofs of Lemmas 3.36 and 3.37, another basis (m, [;) is chosen

with respect to the anti-wave in the Heegaard diagram corresponding to K;. Suppose [; = x;m + [.
Then

gm+ pl = (q — px;)m + pl;.
Suppose N = max{N; + |x;|, N, + |x,|, Ny}. Then Lemma 3.37 implies
|Hy(Yo)l = [H (Y| + [Hy(Y5)l.
Combining Theorem 2.19 and Lemma 3.36, we have
dim KHI(Y,,K,) < dim¢ KHI(Y,,K,) + dime KHI(Y,, K,).
Hence we have
dim KHI(Y,,K,) < [H,(Yy)l-
Combining Theorem 1.2 and [59, Corollary 1.4], we have

dim. KHI(Y,,K,) > dimg I%(Y,) > |H,(Y,)|.
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Thus,
dime KHI(Y ), Ky) = |H;(Y)l.
and the induction applies. [l

Remark 3.38. For the above proof, the induction on dim SHI(—H, —y) does not work any more
because the inequality

dim: KHI(-Y,K) < dim. SHI(—H, —y)

might not always be sharp. That is the reason why we switch from bypass exact triangles to surgery
exact triangles.

4 | INSTANTON FLOER HOMOLOGY AND THE DECOMPOSITION
4.1 | Basicsetups

Suppose Y is a closed 3-manifold and K C Y is a null-homologous knot. Let Y(K) be the knot
complement Y\int(N(K)). Any Seifert surface S of K gives rise to a framing on Y (K): the lon-
gitude A can be picked as S N dY(K) with the induced orientation from S, and the meridian u
can be picked as the meridian of the solid torus N(K) with the orientation so that u - 1 = —1. The
‘half lives and half dies’ fact for 3-manifolds implies that the following map has a 1-dimensional
image:

d, 1 Hy(Y(K),dY(K); @) - H,(0Y(K); Q).

Hence, any two Seifert surfaces lead to the same framing on 0Y (K). We write g(K) for the minimal
genus of the Seifert surface of K. If a Seifert surface of minimal surface is chosen, we also write it

as g(S).

Definition 4.1. The framing (u, ) defined as above is called the canonical framing of (Y, K).
With respect to this canonical framing, let

Yy/p = Y(K) Uy S' x D
be the 3-manifold obtained from Y by a q/p surgery along K, that is,
¢({1} x dD*) = qu + pA.

When the surgery slope is understood, we also write Y\q /p Simply as Y. Let K be the dual knot,
that is, the image of S* x {0} ¢ S' x D? in ¥ under the gluing map.

Convention. Throughout this section, we will always assume that gcd(p,q) =1 and q > 0 or
(p,q) = (1,0) for a Dehn surgery. Especially, the original pair (Y,K) can be thought of as a
pair (¥, K) obtained from (Y, K) by the 1/0 surgery. Moreover, we will always assume that the
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knot complement Y (K) is irreducible. This is because if Y(K) is not irreducible, then Y(K) =
Y'(K")Y" for some closed 3-manifold Y’,Y”" and a null-homologous knot K’ C Y’. By the con-
nected sum formula [40, Section 1.2], we have

SHI(Y(K), y) = SHI(Y'(K"), ) ® I*(Y"")
for any suture y. Hence, all results hold after tensoring I fy.

Next, we describe various families of sutures on the knot complement. Suppose K C Y is a
null-homologous knot and the pair (Y, K) is obtained from (Y, K) by a q/p surgery. Note we can
identify the complement of K C Y with that of K c Y, thatis, Y(K) = Y(K).

On 0Y(K), there are two framings: One comes from K, and we write longitude and meridian
as A and y, respectively. The other comes from K. Note only the meridian  of K is well-defined,
and by definition, it is ft = qu + pA.

Definition 4.2. If p = 0, then ¢ = 1 and 1 = u. We can take A = 1. If (g, p) = (0, 1), then we take
A= —u. If p,q # 0, then we take 1 = g,u + poA, where (g, p,) is the unique pair of integers so
that the following conditions are true.

(1) 0<|pyl < |pland p,p
(2) 0< gl < gl and goq
(3) poq —pqo = 1.

0.

<
<0.

<
<

In particular, if (q, p) = (n,1), then 4 = —p.
For a homology class x4 + yu, lety, ., be the suture consisting of two disjoint simple closed
curves representing +(x4 + yu) on dY(K). Furthermore, for n € 7, define

i-‘\n(q/p) =Vi-np = V(pg—np)A+(gy—ngu and f‘\‘u(q/p) =Ya = Vpi+qu-

Suppose (q,, pn) € {£(qo — 1q, py — np)} such that g, > 0. ~ ~
When 4 and 2z are understood, we omit the slope g/ p and simply write I'; and I'. When (g, p) =
(1,0), we write T, and T',, instead.

Remark 4.3. Since the two components of the suture must be given opposite orientations, the nota-
tions ¥4y, and y_;_,, represent the same suture on the knot complement Y (K). Our choice
makes q,,,1 < g, forn <—-landg,,; >q, forn > 0.

Finally, we sketch the proofs of Proposition 1.16 and Theorem 1.12. The essential arguments are
proved in the next two subsections.

Proof of Proposition 1.16. Suppose it = qu + pA. The set G of sutures consists of —fn foralln e N
satisfying g,, > g + 2¢(K), where ¢g(K) is the Seifert genus of K. For any y € G. The grading in term
(1) is from Theorem 2.21, where the admissible surface S is the Seifert surface of K with minimal
genus (up to a stabilization, cf. Definition 4.10).

For y = —[, in term (2), the image of f k, is a direct summand of ‘middle gradings’ of
@(—Y(K),—fn), which is denoted by T +(—?, K) in Definition 4.21. The isomorphism f, is
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Qo

FIGURE 23 Bypassarcsonyg _j

defined in Proposition 4.26. It is the restriction of F, on the corresponding gradings, where F,,
is defined in Lemma 4.9 (a special case of Lemma 3.21 for knots).

Fory, = —fnl,yz = —fnz in term (3), the isomorphism g, ., is defined in Lemma 4.16 (see
also Remark 4.22). It is the restrictions of bypass maps on corresponding gradings.
Term (4) is from commutative diagrams in Lemma 4.9. O

Proof of Theorem 1.12. We prove this theorem for —¥. Suppose u ¢ dY(K) is a simple closed curve
such that |u - 1| = 1. Suppose Y is the manifold obtained by Dehn filling along u and suppose
K is the dual knot in Y. By the assumption of the Seifert surface S, we know that K is a null-
homologous knot in Y. Moreover, we know that (1//\, I?) is obtained from Y by performing the
q/ p-surgery along (Y, K) with respect to the canonical framing induced by S. The choice of u
is not important since it will only change the integer p. Then we can apply the construction in
Proposition 1.16. In particular, we can use the term (2) of Proposition 1.16 for any y € G to define
the decomposition. Explicitly, we use 7 +(17, K) to decompose [ LY. By term (3) and term (4) of
Proposition 1.16, this decomposition is well-defined up to isomorphism. 1

4.2 | Bypasses on knot complements

Suppose Y is a closed 3-manifold and K C Y is a null-homologous knot. Let (¢, 1) be the canon-
ical framing on Y(K) in Definition 4.1. Suppose y;/x; is a surgery slope with y; > 0. Accord-
ing to Honda [22, Section 4.3], there are two basic bypasses on the balanced sutured manifold
(Y(K), Yixs ,y;))’ whose arcs are depicted as in Figure 23. The sutures involved in the bypass trian-
gles were described explicitly in Honda [22, Section 4.4.4].

Definition 4.4. For a surgery slope y;/x; with y; > 0, suppose its continued fraction is

Y3 1
—= =[ay,ay,...,a,] = ay —

X3 a; — T

where integers a; < —1.If y; > —x; > 0, let

A _ [ag, ..., a,_1] and Y2 _ [ag, ..., a, + 1].
X1 X2
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For simplicity, when a; = —2 for integer i € (k,n] and q; # —2, we can set

lag, ..., a, + 1] = [ag, ..., a; + 1].
If —x5; > y; > 0, we do the same thing for x;/(—y;). If y; > x5 > 0, we do the same thing for
¥3/(—=x3). If x5 > y; > 0, we do the same thing for x5 /(—y;). If y;/x; = 1/0, thensety, /x; = 0/1
andy,/x, =1/(-1).Ify;/x; = 0/1,thensety, /x; = 1/(—1)andy, /x; = 0/1. We always require
that y, > 0and y, > 0.
Remark 4.5. 1t is straightforward to use induction to verify that for y; > —x; > 0,

X3 =X +x,and y; =y; + y,.

The bypass exact triangle in Theorem 2.37 becomes the following.

Proposition 4.6. Suppose K C Y is a null-homologous knot, and suppose the surgery slopes y; /x;
for i €{1,2,3} are defined as in Definition 4.4. Suppose the indices are considered mod 3. Let

P’ i/ and 3" /% be bypass maps from two different bypasses, respectively. Then there are
+Yir1/Xin1 —Yir1/Xin1 / )
two exact triangles related to 1" dyi’ , respectively.
8 ¢+?yi+l/xi+l = Yir1/Xin1 P Y
'Vi?yﬁ\/EX3
SHI(=Y (K), =¥(x, ) SHI(=Y (K), =¥(x, y,))

y1ix y3/x3
k W

SHI(-Y (K). ~7s, 5,)

Remark 4.7. Note that there are two different bypasses, which induce two different exact triangles.
However, both of them involve the same set of balanced sutured manifolds.

Convention. We will use 7 , and 3* _ to denote bypass maps with respect to some slopes.
Next, we describe the bypass exact triangles for T, and fﬂ in Definition 4.2.

Proposition 4.8. SupposeK C Y is a null-homologous knot and suppose the pair (Y, K) is obtained
from (Y,K) by a q/p surgery. Suppose further that the sutures fn and f/t are defined as in Defini-

tion 4.2. Then there are two exact triangles related to ¥’ and p* , respectively.

n
L

SHI(-Y (K), -T',,)

: / (4.1)
wl, il

SHI(-Y (K),-T)

SHI(-Y(K),-T},)

Proof. 1f T, = Y(xs,yy a0d y3 > —x3 > 0 and, then it is straightforward to check that

y(x1s)’1) = F# and y(xz,yz) = Fn’
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where (x;,y;) and (x,, y, are defined as in Definition 4.4. Then the exact triangles follows from
Proposition 4.6. The similar proof applies to other cases. [

Similar to Lemma 3.21, we have the following proposition.
Lemma 4.9 [16, Section 3]. Suppose K C Y is a null-homologous knot and suppose the pair (Y, K)
is obtained from (Y, K) by a q/ p surgery. Suppose further that the sutures fn are defined as in Defi-

nition 4.2. Then, there is an exact triangle

SHI(-Y(K), -T},) SHI(-Y (K), T,

X - (4.2)

SHI(-Y (1), -5)

where the balanced sutured manifold (Y(1), 8) is defined as in Remark 2.10.

Furthermore, we have four commutative diagrams related to ;b": neq and L 1> Tespectively
SHI(-Y (K). - Yo SHI(-Y (K),-T),,,)

\/

SHI(-Y (1), -5)
and

SHI(-Y (K), -

Ve SHI(-Y(K), ', )
SHI(-¥ (1), ~5)

The bypass maps in (4.1) behave well under the gradings on SHI associated to the fixed Seifert
surface of K. To provide more details, let us fix a minimal genus Seifert surface S of K.

Convention. We will always assume by default that the Seifert surface S has minimal possible
intersections with any suture y(, 4.

Definition 4.10. Suppose K C Y is a null-homologous knot and y, ,, is a suture on Y (K) with
y > 0. Suppose further that S is a minimal genus Seifert surface of K. Let S™) be a negative sta-
bilization of S if y is even and be the original S if y is odd. When the suture y(, ,y is understood,
we simply write S7. More explicitly, we define amap 7 : N~ {0,—1} as

_J 0 yisodd
T(y)_{—l y is even

Remark 4.11. It is straightforward to check that S C (M, y ,)) is admissible. Note that the nega-
tive stabilization is with respect to the suture y, , rather than —y, . This is important because
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later we will incorporate this definition of ST with the bypass maps, where the orientations of the
sutures are reverse (cf. Remark 2.26).

Convention. Note that in Subsection 3.2, we also define another function 7. Since the old defini-
tion will no longer be used, and the new tau function serves for the same purpose as the old, we
keep using the same notation. From now on, we use the new definition of 7 as in Definition 4.10.

Lemma 4.12. SupposeK C Y is a null-homologous knot and y, .,y is a suture on dY (K) with y > 0.
Suppose further that S is a minimal genus Seifert surface of K. Then the maximal and minimal
nontrivial gradings of SHI(—=Y (K), =¥y ), S*) are

o = 30 = 1= 100 + () = 21+ (8)
and
bin = =30/ = 147D = 9(8) = <L 2] = 4(5).

Proof. The proof is similar to that of Lemma 3.15, though in the current lemma, we can also iden-
tify the top and bottom nontrivial gradings by making use of sutured manifold decompositions.
Note that we have assumed that the knot complement Y (K) is irreducible in the convention after
Definition 4.1, and S is a minimal genus Seifert surface of K, so the decomposition of (Y(K),y)
along S and —S are both taut.

When y is odd, we have ST = S. Then it follows directly from Theorem 2.21 that

. y—1 . y—1
Ipax = — + g(S)and i ;, = - g(S).

When y is even, we have ST = S™. Then it follows directly from Theorem 2.21 that
. y
Lnax = E + g(S)
To figure out the grading i,;,, note that
E(_Y(K)’ _J/(x,y)’ ST, _lmax) = @(_Y(K)’ _y(x,y)’ _(S_)’ lmax)
= @(_Y(K)’ _y(x,y)a (_S)+’ imax)
=0.

The last equality follows from Lemma 2.25 and the fact that the positive stabilization on (—S) with
respect to y(, ,,) becomes a negative one with respect to —y, .,y (¢f: Remark 2.26).
‘We also have

SHI(=Y(K), =¥ (x,y)» 87> 1 = Imax) = SHICY (KD, =1,y =( s fnax = 1)
= @(_Y(K)’ —V(xy) (—S)+, Imax — D

= @(—Y(K)’ _y(x,y)’ (—S)_, imax)
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The last equality follows from Theorem 2.27. From Lemma 2.25 and Theorem 2.21, we have
SHI(=Y (K), =¥ (x.y)» (=8) ™ imax) = SHI(=M', —y") # 0,

where (M’, ") is the taut balanced sutured manifold obtained from (Y (K), Y(x,y)) by decomposing
along —S. Hence we conclude that

—1—i . =1-2_
min = 1 = Imax = 1 2 g(S). O
Definition 4.13. For any integer y € N, define
. y—1 . y—1
b = [ =51+ 9(8), and i = [~=——1 = g(S).

For the suture T, = Y(p,.q,) define

‘n _ q -dpn

Lnax = and lmln - lmin'

Convention. Note that we use the similar notations as in Subsection 3.2, while from Nnow on, we
use the new definitions of i), and i , as in Definition 4.13. We will use i and i* i

max’ max min’ mm
to denote the maximal and minimal gradmgs for the slope specified by .

In [42, Section 5], a graded version of the bypass exact triangles in Proposition 4.6 is proved,
which is similar to Lemma 3.18.

Proposition 4.14 [42, Proposition 5.5]. Suppose K C Y is a null-homologous knot and sup-
pose the palr , K) is obtained from (Y,K) by a q/p surgery. Suppose further that the
sutures F and F are defined as in Definition 4.2 and S is a minimal genus Seifert
surface of K. T hen the followings hold. Note that the grading shift notation comes from
Definition 3.17.

(1) Forn € Zsothat q,,, = q, + q, that is, n > 0, there are two bypass exact triangles:

~ Ve
SHI(-Y (K),—T,, SOt — i ]4>SHI( Y(K), -, 87

min mm

vy, T /
7

SHI(-Y (K), T, SOl — 1.1

max
and

SHI(-Y(K), -, SO)[im+! — fr ]W4>SHI( —-Y(K),-T,,,.5%)

max mdx

v, !
-
Vo

SHI(-Y (K), ~T',. S — % ]

min mm
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(2) Forn € Zsothat q,,, = q, — q, that is, n < —1, there are two bypass exact triangles:

"
L}

SHI(-Y (K),-T,.5%)

vl,
v

SHI(-Y(K), T, $O[i" —1* ]

min min

SHI(-Y(K), T, SO, — i)

max

and

SHI(-Y (K),-T,, 57 SHI(-Y (K), =T, Sl — 41

min min

v, T 4.2)

n+l
o

SHI=Y (K), =T, SO, = s
(3) Forn € Zsothat q,,1 + q,, = q, that is, n = —1, there are two bypass exact triangles:

~ N N Ve ~ N N
SHI(-Y(K), £, SO, — i, ] ———"" s SHI-Y (K), ~',.,. SOk — 241

min min max

v T / (4.4)
vl

SHI(-Y (K),-T',..57)

and
A N N (i ~ N N
SHI(-Y (K),—T,, S [ — 7,1 — SHI(=Y(K),=T,;, SO, — iflfin']
xyf,,,T ; (45)
|7

SHI(-Y (K),-T',, 57
Furthermore, all maps involved in the above bypass exact triangles are grading preserving.

Remark 4.15. The above proposition can be understood by Remark 3.19. Alternatively, we can
understand the above proposition by the following method, which is inspired by the curve invari-
ant introduced by Hanselman, Rasmussen, and Waston [19, 20].

(1) Consider the lattice Z> C R2. A surgery slope y/x € Q U {co} corresponds to a straight arc
connecting two lattice points in Z2.

(2) Suppose the suturesy(, ), ¥(x,,,), a0d ¥(y, ,,) are defined as in Definition 4.4. Then it is easy
to see the arcs corresponding to these three sutures bound a triangle containing no lattice
point in the interior. There are two different triangles up to translation, which correspond
to two different bypass triangles. All bypass maps are clockwise in R?. Rotation around the
origin by 180° will switch the roles of g , and #* _.

(3) The height of the middle point of the straight arc indicates the grading before stabilization (so
there are gradings of half integers). If the top endpoints of two arcs are the same, the grading
shift is about fr’;in. If the bottom endpoints of two arcs are the same, the grading shift is about

¥k
lmax‘
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4.3 | Decomposing framed instanton Floer homology

In this subsection, we prove term (2) of Proposition 1.16. Throughout this subsection, let K C Y
be a null-homologous knot and let the pair (¥, K) be obtained from (Y, K) by a q/p surgery with
q > 0. Suppose the sutures fn = Y(p,q,) a0d fu are defined as in Definition 4.2 and suppose S
is a minimal genus Seifert surface of K. The stabilization S” of S is chosen according to Defini-
tion 4.10. The maximal and minimal gradings of the involved sutured instanton Floer homology
are described in Lemma 4.12. For any i € Z, let

n,i _
¢i,n+1 - ¢l,n+1|Sﬁ(—Y(K),—fn,Sf,i)
be the restriction.
Lemma 4.16. Suppose n € Z so that q, ., = q, + g, thatis, n > 0. Then the map
Y 1 SHI-Y(K), =T, 87,0) — SHI(-Y(K), -T,,,,, S5, i =i, + D0t

is an isomorphism if i < f,’;lax — 29(S). Similarly, the map

Y SHI=Y(K), T, 57, 0) = SHI(=Y(K), =T, 1, ST, i = I + 100D

—n+1 max

2

is an isomorphism ifi > i" .+ 2¢(S).

min
Proof. The proof the lemma is similar to that of Lemma 3.20. O
Lemma 4.17. Foranyn € Z so that q,,,; — q = q,, > 29, the map
G, : SHI(-Y(1),-8) — SHI(-Y(K),-T,)

defined as in (4.2) is the zero map.
Proof. The proof of the lemma is similar to that of Lemma 3.22. O
Corollary 4.18. We have

dime SHI(-Y(K), -T,) > dim SHI(-Y (1), -8).
Proof. Since for a large enough integer n, we have G,, = 0, we know that

dim¢ SHI(-¥(1), —8) = dim¢ SHI(-Y(K), —T},,) — dim SHI(-Y (K), —-T',).

Then the corollary follows directly from Proposition 4.8. 1

Corollary 4.19. Suppose L, is a non-empty link in Y that is disjoint from K. Let Ly=L, U K.
Consider the link complements —?(Ll) and —?(Lz). For the link complement, let fﬂ be the suture
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consisting of two meridians for each component of the link. We have
dim¢ SHI(-Y'(L,), -T,) > 2 - dim¢ SHI(-Y(L,), -T,).

Proof. The same argument to prove Corollary 4.18 can be applied verbatim to verify
dim SHI(-Y(L,), -T)) > SHI(-Y(L,)(1), T, u =8),

where ?(Ll)(l) is obtained from —?(Ll) by removing a 3-ball disjoint from L,, and § is a simple
closed curve on the new spherical boundary component. From [4, Lemma 4.14], we have

SHI(—9(L,)(1), ~F,, U —3) = 2 - dim SHI(-9(L,), ~F,). -
Lemma 4.20. Suppose n € Z satisfies q,,., —q = q, > q + 2¢(S), and suppose i, j € Z with
Lo +29(S) < <l —29(S)andi—j=q.
Then we have
SHI(-Y(K), —T',, S, i) = SHI(-Y(K), -T},, 5, ).
Proof. Sincei < fr’}m —2¢(S), by Lemma 4.16, we know

SHI(-Y(K),—T,,S8%,i) = SHI(-Y(K), ~[,,,,8%,i — " +1"1).

mm I’Illn

Similarly, since j > i" .+ 2¢(S), we know that

mn

SHI(-Y(K),-T,,S7, j) = SHI(-Y(K), —T,,, 1,7, j — I+ I%H0).

max max

Note also that

An ‘n+1 n+1
max mln) - (lmax rrun)

i—i" it = +iM g+ ("

min + bt =J ~ fnax + fnax
=J = I F i + @+ (@ = 14 29(S)) = (@1 — 1 +29(5))
= J ~ oy I
Hence we obtain the desired result. O
Definition 4.21. Suppose n € Z satisfies q,,,; —q = q,, = q + 2¢(S). Define

1,(-Y,R,i)=SHI(-Y(K),-T,,5%,i" —2g¢(S) 1),

and
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Remark 4.22. From Lemma 4.16, the definition of T +(—17, R)is independent of the choice of the
integer n satisfying the required condition. Also, by Lemma 4.20, the definition of 7 +(—?, K)
would be the same (up to a Z,, grading shift) if we consider arbitrary g consecutive gradings within

the range [i”. +2¢(S), %, — 29(S)].
Next, our goal is to show that there is an isomorphism
1,(-7,R) = SHI(-7 (1), -9).
To do so, we first introduce some notations for performing computations.

Definition 4.23. Suppose n € Z. The direct sum of some consecutive gradings of
SHI(-Y(K),-T,,5)
is called a block. For a block A, the number of gradings involved is called the size of A.

Example 4.24. Suppose n € Z satisfies q,, > q + 2¢(S). Let A, B, C and D be the blocks consisting
of the top 2¢(S) gradings, the next q gradings, the next q,, — g — 2¢(S) gradings, and the last 2¢(S)
gradings of SHI(-Y (K), —fn, ST), respectively. We write

@(_Y(K)’ _fn’ ST) =

Sawx

From Definition 4.21, we know that T +(—?, R ) is itself a block and in fact
1,(-Y,K)=B.

Also, we can write

SHI(-Y(K), -T,,, %) =

O

where E and F are of size (g, — g — 2¢(S)) and g, respectively. By comparing the gradings, we

have

B\ (E

c) \F
A priori, we do not have B = E and C = F since they have different sizes. However, when putting
together, the total size of B and C equals that of E and F.

Lemma 4.25. Let T +(—?, K) be defined as in Definition 4.21. Then we have

dim¢ 7, (=Y, K) = dim SHI(-Y (1), =9).
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Proof. Suppose n € Z satisfies q,, > q + 2¢(S). We can apply Proposition 4.14. Using blocks, we
have the following. (There is no enough room for writing down the whole notation for SHI, so we
use the sutures to denote them.)

size -T, ! -, ., -T,
q G X, G
24(5) H A X, H
4, —q—28(S) E X3
q F X,
24(S) D X

From the exactness, we know that
Xl = G, X3 :E, X4 :F, al’ldX5 =D.

There is another bypass exact triangle, and similarly we have

~ v, ~ L. ~ e N
size -r, -I, Y -r,
2g(S) A
q B B
4, — 9 —28(S) c c
2g(S) T D X,
q J J J

Comparing the two expressions of SHI(—Y (K), —fn +1,57), we have

G A
X, B
E |=SHI(-Y(K),-T,,.,S) =] C |
F X,
D J

Taking sizes into consideration, we know that

(£)- () e m()-(3)

Thus, we know that

SHI(-Y(K), —T,,,1,57) =

Ommw
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Comparing this expression with the expression of SHI(-Y(K), —fn,ST) in Example 4.24, we
have

dim 7, (-Y,K) = dim: B
= dim SHI(-Y(K), —T,,,) — dim¢ SHI(-Y(K), -T,)
= dim¢ SHI(-Y (1), -9),
where the last equality follows from Lemma 4.17. O

Proposition 4.26. Suppose n € Z satisfies q,,,.; — q = q,, = q + 2¢(S). Then the map F, restricted
tol +(—Y\, K) is an isomorphism, that is,

Fuly, o) ¢ T(=Y,K) = SHI(-Y(1), -9).

Proof. 1t suffices to show that the restriction of F,, is surjective. Since g,, > q + 2¢(S), we have
Gn_1 = 9, — q = 2¢(S). By Lemma 4.17, we know that G,,_; = 0. By exactness in (4.2), the map F,,
is surjective. Then it suffices to show that F, remains surjective when restricted to 1 +(—17\, K). For
any x € @(—?(1), —0),lety € SHI(-Y(K), —f”) be an element so that F,(y) = x. Suppose

y= 2 yj’ where y] € @(_Y(K)a _fn’ ST’j)'
JjEZ

For any y;, we want to find y;. € 1,(-Y,K) so that F,(yp) = Fn(y;.).
To do this, we first assume that j > fﬁlax — 2¢(S). Then there exists an integer m so that

" o—29(S)—q+1<j—mq<it, —2g(S).

max

We can take
,Jj—mqgy—1 n,i’”’m—f" +j—-mq -1 -1
y;, = (¢_7{1+1‘Z) 0 een o(znb_,;lf;n max ) o _’:‘;T_m o.. 0¢-7—,n+1(yj)' (4.6)

From Lemma 4.16, all the negative bypass maps involved in (4.6) are isomorphisms so the inverses
exist. Also, we have

Y € SHI(=Y(K), -T,,,S", j — mq) C L. (-Y,K).

Finally, from Lemma 4.9, we know that F,, (y;.) =F,()).
For

jelnr, —29(8)—q—1,i% —2g(S)],
we can simply take y;. =Y.

For j < fl’;lax —2¢(S) — q — 1, we can pick y;. similarly as in (4.6), while switching the roles of
P, andP*  in (4.6).
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In summary, we can take

y = Z y;. € 1,(-Y,R)withF,(y/) = F,(y) = x.

jez
Hence the restriction of F,, is still surjective, and we obtain the desired result. [l

In Definition 4.21, we use a large enough integer n to define Z, (Y, K). We can also use a small
enough integer n to define a vector space similar to 7, (—Y, K). Recall

~

Lh =Y0na0

is defined as in Definition 4.2 and gq,, is chosen to be always non-negative.
Definition 4.27. Suppose n € Z satisfies q,,_; —q = q,, = q + 29(S). Define
1_(-Y,K,i) = SHI(-Y(K),-T,, 5%, 1"  —2¢(S)—1i),

max

and

Q
|
—

1I._(-Y,K)= 1_(-Y,K,i).

i

Il
=}

The arguments for 1_(-Y,K) are similar to those for T +(—?, K). We sketch them as follows.

Lemma 4.28. Suppose n € Z satisfies q,,_; — q = q,,, thatis, n < —1. Then the map

I . - R
g, e e s SHI(-Y (K), ~T,_y, 87,1 + 1 — 11 ) — SHI(-Y(K), T, 57, 1)

ax
is an isomorphism if i < ffn o = 29(S). Similarly, the map

n—1,i-i" +i*-1
mi

L mmTmin s SHI(-Y(K), -1, 8%,i = 1", +171) - SHI(-Y(K), -T,, S, 1)
is an isomorphism if i > f:‘nm +2¢(S).
Proof. The proof is similar to the proof of Lemma 3.20. O
Lemma 4.29. Foranyn € Zsothatq,_, —q = q, > 29, the map
F, : SHI(-Y(K),-T,,) - SHI(-Y(1), -&)
defined as in (4.2) is the zero map.

Proof. Ifitis not, then let j, .. € Z be the maximal index j so that there exists

x € SHI(-Y(K), T}, 5%, j)
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with F,(x) # 0. Since g,, > 2g, by Lemma 4.12, we know that either
Jmax < Wb — 29(S) OF jinay =10+ 29(S).
Suppose, without loss of generality, that j., > 1.+ 2g(S) and

X € @(—Y(K), _fru ST’ jmax)

in

n—1 +in-l-g
masct oI is an isomorphism, and we can take

satisfying F,(x) # 0. By Lemma 4.28, 9,

n=1,jmax+i,

y=9_, max lmdx ('(,bn Ljmax+i

Thax lmax) 1(x).
By Lemma 4.9, we know that
F,(y) = F,(x) # 0and y € SHI(=Y(K), T}, 5%, jimax + @)-
This is a contradiction. Cl
Lemma 4.30. Supposen € Z satisfiesq,_; —q = q, > q + 2¢9(S), and suppose i, j € Z satisfying

oo +29(8)<i,j<iy, —2g(S)andi—j=gq.
Then we have

SHI(-Y(K), —T',, S, i) = SHI(-Y(K), -T,,, 57, j).

Proof. The proof is similar to the proof of Lemma 4.20. O
Lemma 4.31. Let I_(—Y,K) be defined as in Definition 4.27. Then we have

dim¢ 7_(~Y,K) = dim SHI(-Y(1), -9).
Proof. The proof is similar to the proof of Lemma 4.25. O
Proposition 4.32. Suppose n € Z satisfies q,_, —q = q,, = q + 2g(S). Let II,, be the projection

Il, : SHI(-Y(K),-T,) = I_(-Y,K).

Then we have an isomorphism

1,0G, : SHI(—¥(1), —8) — 1_(-Y,R).

Proof. 1t suffices to show that IT, oG,, is injective. We assume it is not true and derive a contradic-
tion. By assumption, there exists

x # 0 € SHI(=Y (1), =) with IT,,0G ,(x) = 0
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Write

Y =G,(x)= )y, wherey; € SHI(-Y(K), -, S", j).
jez

From Lemmas 4.9 and 4.29, we know that G,, is injective, and hence y # 0. From the assumption,
we know that

yj=0foril, —2¢(S)>j>1, —29(S)—q+1.
Also write

z=G, ,(x)= ) z;, where z; € SHI(-Y(K), -T,_;,S", j).
JjEZ

From Lemma 4.9, we know that
Plz) =y = 9l ).
Suppose j;, is the minimal grading j so that
J> 1 —29(S)and y; #0.
Then we know that
Vi —q=0and juin—q> i +2g(s).
Hence by Lemma 4.28, we know that

n=1,jpin—1%. +i%1

y‘]mm _‘(,b_ " mm( ]mm mm+lrr:11r})
n=Ljmin— lmm+lmm Ljmin— lmm lmm
- ‘()b— ('(,b+ n ) 1(y]mm q)
=0.
This implies that y; = O forall j > 17, —2¢(S) — g + 1. Similarly we can prove that y; = 0 for all
Jj< lmax —2¢g(S) — g+ 1,and y = 0, which contradicts the injectivity of G,,. O

4.4 | Commutative diagrams for bypass maps
In this subsection, we show there are some commutative diagrams for bypass maps.

Lemma 4.33 [42, Corollary 2.20]. For any surgery slope q/p, consider the bypass maps ¥ , and
¥* , in Proposition 4.8. For any integer n € Z, we have the following commutative diagram.

~ [ ~
SHI(-Y (K), -T,) ————— SHI(-Y(K).-T',,))
L "’:;Lz (47)
~ wn+1
SHI(-Y(K). -, )) ————> SHI(~Y(K).~T,.,)
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Proof. In Subsection 2.3, we reinterpreted bypass maps by contact gluing maps. So the compo-
sition of bypass maps becomes the composition of contact gluing maps. To verify the commu-
tative diagram, it suffices to verify that two contact structures coming from different bypasses
are actually the same. Thus, it is free to change the basis of H,(T?). It suffices to verify a special
case ¢/p = 1/0 and n = 0. Then it follows from [22, Lemma 4.14] that the contact structures are
the same. O

Lemma 4.34. For any surgery slope q/ p, consider the bypass maps )’ , and* , in Proposition 4.8.
For any n € Z, we have two commutative diagrams

—n+l

SHI(-Y (K). - SHI(-Y (K). T, )

\ / (4.8)

SHI(-Y (K),-T)

and

SHI(-Y (K). - SHI(-Y (K),-T,,,))

\ / (4.9

SHI(-Y (K), -

The similar commutative diagrams hold if we switch the roles of % , and §* |
Remark 4.35. The bypass maps in Lemma 4.34 are from different bypass exact triangles.

Proof of Lemma 4.34. Similar to the proof of Lemma 4.33, this lemma follows from Honda’s clas-
sification of tight contact structures on T? X I [22, Lemma 4.14]. O

Corollary 4.36. For any surgery slope q/p, consider the bypass maps ¥’ . and y* _in Proposi-
tion 4.8. For any i, j € Z, we have the following commutative diagrams related to ¢  and §* ,
respectively.
SHI(-Y (K), —f',) —— > SHI(-¥(K), -T")
vl vl (4.10)
SHI(=Y (K), —f}) —— == SHI(-¥(K),T',)

Proof. The commutative diagram related to 37 , follows from (4.8) and (4.9). Explicitly, for i =
Jj + 1, both compositions of maps are equal to

J+1 n Iz
Vi o¥l oy

The other commutative diagram follows from Lemma 4.34 similarly. 1
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FIGURE 24 Left, bypass maps; middle, illustration of (4.7); right, illustration of (4.8)

Corollary 4.37. For any surgery slope q/p, consider the bypass maps ¥ , and ¥* _ in Proposi-
tion 4.8. For any n € Z, we have

moYt =Y oyt =0
and
ﬁ,n ° 2,/4 = W—‘,n ° z,bf,u =0
Proof. By Lemma 4.34 and the exactness, we have
”bz,/x oyl = 1’0?:/-11 oYl 10 Pe, =0
Other arguments follow from Lemma 4.34 and the exactness similarly. I

Remark 4.38. The above commutative diagrams can be illustrated by the method described in
Remark 4.15. The illustration of the special cases in the proofs is shown in Figure 24. Note
that vector spaces are denoted by their sutures (we omit the minus signs), and all maps are
bypass maps. They are grading preserving and commute with F, and G, by Proposition 4.14 and
Lemma 4.9, respectively.

4.5 | The stabilization of integral surgeries

Throughout this subsection, suppose K C Y is a null-homologous knot and S is a minimal genus
Seifert surface of K. The stabilization S” of S is chosen in Definition 4.10. Since we might work with
different surgery slopes, we will use the notation y(,, ;) in Definition 4.2 to denote the suture on the
knot complement. The maximal and minimal gradings of SHI(—Y (K), ~Y(p.q) S7) are described
explicitly in Lemma 4.12 and we write them as

. -1 . -1
o = [T+ g(S) and if, = [-1=1 = g(5).

Note that they are independent of p.
Since we will deal with different surgeries in the current subsection, we will write out the
surgery slope explicitly: for the 3-manifold obtained by the q/p-surgery, we write ?q /p- For the
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special class of sutures, we write fn(q /p) instead of f”. For bypass maps, we write z,bf’_rj:}(q /D).

However, if g/p = 1/0, we still omit it from the notation, then in this case, we simply write fn as
T,.
In this subsection, we deal with large integral surgeries. In this case, we know that I’y = y(_y ).

Hence we have the following by Lemma 4.20 and Proposition 4.26. (Note (p, q) = (0, 1).)

Lemma 4.39. Foranyn > 2¢(S) andi € Z so that

n—1 . n—1
+g(S)<i<
219() [2

[— 1-9(9),

we have

SHI(-Y(K),-T',, 5%, 1) & SHI(~Y(1), -5).

Remark 4.40. A more direct explanation of Lemma 4.39 is that, apart from the top 2¢(S) and the
bottom 2¢(S) gradings, the vector spaces in all gradings are isomorphic to SHI(-Y (1), —9).

Next, suppose we perform a (—n)-surgery. We can take

A1=(0,-1)=—pand pt = (-=1,n) = 1 — nu.

Then we compute

fy(_n) =T, i—‘\o(_n) =T, i—‘\1 (=n) = Y~1n-1) = Tn-1s fz(_n) =7Y(-22n-1) (4.11)
and also
f—1(_”) =Y(-1n+1) = Dnt1s 1Q—z(_”‘) =7V(-2.2n+1)- (4.12)
Observe that
T y(—n) =Ty (-n-1). (4.13)

The following is the first part of 1.15.
Proposition 4.41. Suppose integer n > 29(S) + 1, then
1,.(-Y_,,K,i) = SHI(-Y(1), -8)
forany integeri € [0,n —2¢g(S) —1]andi=n—1.

Proof. When 0 <i<n—1-2g(S), we know from equality (4.11), Definition 4.21, Lemmas 4.16,
and 4.39 that

I,(-Y_,,K,i) =SHI(-Y(K), —T,(~n),S%, 2" — 29(S) — i)

max
= SHI(-Y (K), =T, (=n), §7, i, = 29(S) = D)

=SHI(-Y(K),—T,,S*,i" 29(S) —1)

max

~SHI(-Y (1), -5).
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Fori = n — 1, we know similarly that
I,(-Y_,,R,i)=SHI(-Y(K),-T,(-n),5%,i2" 1 = 2¢(S) —n+1)
= SHI(-Y(K), —Ty(=n), S7, i ., — 29(S))
=SHI(-Y(K),-T,,S%, i —2g(S))

max

~ SHI(-Y (1), =5). O
The following is the second part of Proposition 1.15.

Proposition 4.42. Suppose integer n > 2¢(S) + 1, then for any integeri € [0,n — 1], we have

Proof. Forintegeri € [0,n—1—2¢(S)] and i = n — 1, we know from Proposition 4.41 that
g P

I.(-Y_,_,R,i+1)=SHI(-Y(1),-0) =1, (-Y_,,K,i)
For the rest (2¢g(S) — 1) gradings, we use the following commutative diagram.
SHI(-Y (K). =T, ;) ———> SHI(=Y(K),-T,)
W:](_mT WLH&UT (4.14)

v
SHI(-Y(K),~T",) —— SHI(-Y(K),-T,,)

This is directly from facts (4.11) and (4.12), and Corollary 4.36 by taking i = 1 and j = —1. Note
that

Tl gl el = (), and ¢ (—n - 1) = g7 (—n).

From Proposition 4.14 and Definition 4.21, we obtain a graded commutative diagram

wi!
SHI(-Y(K),-T,_;, 87, " +n =2 — i) ——— SHI(-Y(K),-T,, 87,i" +n—2~1)

min
w‘ﬂ,(—n)T uf",l(—n—l)T

W1n+
SHI(-Y(K),-T,. S7.i" +n—2g—1—i) ——> SHI(-Y(K), =T, S%.i"*! + n—2g =1 —1)

For any fixed integer i € [n — 2¢(S), n — 1], we have a graded exact triangle

SHI(-Y(K), T, . 87" Y4 n—-2-1) ——————> T (-Y_,.K.D)

'Vf,\ (—n) T /

SHI(-Y(K),-T,, S%,i" +n—2g—1—i)

> “max
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Hence we know that
dim¢ 7,(=Y_,, K, 1) = dim¢ ker(* | (—n)) + dim. coker(* | (—n)).
Similarly, we know that
dime 7,(=Y_,_;,K,i+1) = dim¢ ker(* (=n — 1)) + dim coker(* | (—n — 1))

Since the maps "7 and " 141 are both isomorphisms in the corresponding gradings by

+,n
Lemma 4.16, we conclude that

+1

dime 7,(-Y_,_,K,i+1) = dim: 7,(-Y_,,K, i).

By five lemma, there is indeed an isomorphism between I +(—17_n_1,ﬁ,i+1) and

1,.(-Y_,,K,i). d

5 | SOME REMARKS AND FUTURE DIRECTIONS

In this section, we state some remarks and further directions.
First, the condition in Theorem 1.12 that the boundary of the Seifert surface S of K is connected
can be removed by modifying the hypothesis and the statement as follows.

(1) Suppose the order of [Kle H 1(1//\) is a, that is, a is the minimal positive integer so that a[K] =
0. Suppose the number of the boundary components of S is b, and 1 is a simple closed curve
on dY(K) so that 3S = bA.

(2) Choose another simple closed curve u on 3Y(K) so that u - 1 = —1. Suppose the meridian of
K has homology class (qu + pA). It can be shown that q is independent of the choice of u.
Indeed, we know that g = a/b.

(3) Let definitions of iy, and i’ . in Definition 4.13 be replaced by

s = [3000 = XM and £, = =2 = x(S)].

(4) All proofs of Theorem 1.12 and Proposition 1.16 apply without essential change and we will
obtain a decomposition associated to K

a—1

'Y ~ @zﬁ(?, 0.

i=0

Note that in the original statement of Theorem 1.12, the integer q is indeed the order of [K].
Second, as mentioned in Remark 1.14, it is not known if the decomposition of I*(Y) is indepen-
dent of the choice of K. Explicitly, we have the following conjecture.

Conjecture 5.1. Suppose (Y,R) satisfies the hypothesis of Theorem 1.12. Suppose further that
another knot K’ C Y satisfies the similar conditions to those of K, and

[K] = [K'] € Hy(Y).
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Then there exists a grading preserving isomorphism

up to a Z, grading shift, where 1 is defined as in Definition 4.21.

Last, though we have had a decomposition of I*(—Y), we do not know if it works well with
the cobordism maps. For example, let K C S* be a knot and let S*_ (K) be obtained from S° by a
(—n)-surgery along K. Then there is a natural cobordism W from S3 to Sin(K), which induces a
cobordism map

IF(W_,) : TH(=S2 (K)) — I*(=S).
Baldwin and Sivek [6, Section 7] proved that the cobordism map decomposes in basic classes:
Iﬁ(W—n) = Iﬂ(W—n’ ti)a

where t; : H,(W_,) — Z maps [S’] to (2i), where [S’] is the homology class of the surface
obtained by capping off of the Seifert surface of K. We have the following conjecture, basically
saying that the decomposition of the cobordism map I ’i(W_n) is compatible with the decomposi-
tion of I*(=S* (K)).

Conjecture 5.2. There exists an integer N so that for any integer i € [0,n — 1], under the identifi-

cations I(=S2,,(K)) = 1,(=S ,(K), K) and I*(=S$%) = 1,(=S} , (K), K), we have

Iﬁ(W—n, ti) = Iﬁ(W—n)lI+(_Sin([{)ﬁ’N_i)
and this cobordism map can be recovered by bypass maps.
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